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FOREWORD 


The subject of Map Projections lias been receiving 
increased attention of late years from students of 
Geography, and a small group of boots has kept pace 
with that interest. In a great measure the attention 
now given is due to the appearance, many years ago, of 
articles and books on the subject by Colonel Sir Charles 
Close and Mr. A. R. Hints, which remain the standard 
works in English. 

As successor to the latter in the Lectureship in Carto- 
graphy at this University I have had ample evidence 
both of the need for the study of Projections and of 
the difficulties presented by it to the- non-mathematical 
student. 

That there is a wide gi^ fixed between the simple 
mathematics of projections and the understanding of 
one type of student is shown by the remark of one such. 
At the end of a course of lectures on Projections he said 
to me : “I was very interested in your lectures and 
found these mathematical methods very pretty, but as 
a matter of fact I avoid all that sort of thing by simply 
copying from a globe when I want a true map.” 

Even allowing for the faulty presentation of the subject 
of which I had obviously been guilty, the remark does, 
nevertheless, represent the attitude of quite a consider- 
able proportion of Geography students. They are apt 
to consider Projections as a side-issue, an unnecessary 
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excursion into the byways of naathematical geography, 
and they blandly continue to commit heinous crimes in 
the name of cartography by measuring areas on a Mercator 
projection or taking bearings from a Bonne. 

To such people the excellent book on Map Projections 
by Mr. Hints becomes a tribulation, just as commencing 
Latin translation with Horace would be. There are 
at least two Caesars as alternatives, the works of Mr. 
Morrison and Dr. Garnett j but neither of these quite 
meets the case of students in Geography at a university 
who hope to go on to their Horace later. 

It was for that reason that when Mr. Steers came to 
me a year or so ago, full of his hobby, inquiring whether 
there was room for another edition of Caesar, I com- 
mended the plan and awaited the result with interest. 

To the class of student referred to above in somewhat 
scathing terms I must add another class, those who, 
while just as troubled by mathematics as the others, 
realise the necessity for projections and find that, when 
grasped boldly the subject has few stings and can give 
full satisfaction to the average geographer without 
recourse to anything beyond elementary trigonometry. 
Indeed, if the student commencing the subject would 
but regard it with the same attitude as that with which 
he sits down to a cross-word puzzle or a pictorial maze 
the Caesar stage would very soon be passed. 

It is, I imagine, to encourage the latter class and to 
cajole the former class that Mr. Steers has written this 
book, and, judging from its proof-form, I believe he 
has produced the thing required. To the mathematician 
it will carry but small appeal, and may be criticised for 
some of its approximations, but to the general student it 
may well become a pleasant path, satisfying by the way 
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and leading if necessary to the advanced works of Hinks 
and Germain and Young. 

May I add a hint or two for the benefit of beginners ? 
I am convinced that the only way to study projections 
with any real satisfaction is to construct them oneself, 
and the problem gains in perspective if one imagines one 
is doing exactly what our former student said he did, 
copying from a globe. We choose our scale — which 
should be small if we are to avoid trouble with curves 
of large radius — and visualise an earth of that scale, that 
is, a globe. Given its radius, we have all we want in the 
way of fundamental measurement, from which, following 
the examples given in this book, a short list of distances 
on paper is compiled, and the rest is comparatively simple 
work vdth ruler, protractor, and compass. Complete 
understanding and satisfaction comes when over the 
finished graticule the country itself is dravra in. A 
new light on cartography is apt to dawn upon the 
beginner when he realises that it is in just such a way 
that the draughtsmen of the great Claudius Ptolemaeus 
were set to work to draw their maps 1,400 years ago, 
and the draughtsmen of Bartholomew to-day are pro- 
ducing the atlases which are the fundamental instrument 
of the geographer. 

A few such exercises, pursued to the end, will do 
more to convince the student of the meaning and 
limitations of scale, of the necessity for projections, 
and finally of their essential simplicity in most cases, 
than the diligent reading of any number of books. 

In the course of many conferences with Mr. Steers 
over the plan of this book we have agreed generally on 
the methods of presentation, so that I feel I should 
share in any criticisms that may be aimed at it, yet, since 

:ifc • * 
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I have taken no part in the actual production, I can 
claim no share of what eulogies it may earn. I can, 
therefore, commend the book without any hesitation to 
those who may be embarking upon a reputedly knotty 
subject, as one which not only explains the knots, but 
to a great extent shows that they hardly exist. 

F. Debenham. 

Gonville and Caius College, 

Cambridge. 
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PREFACE TO THE FIFTH EDITION 

Apart from a few notes added to certain pages, the main 
alterations in this edition are : (i) a new chapter on 
Mercator’s Projection, and (2) a note on Ordnance 
Survey maps and grids. Both are inserted at the end of 
the volume. It would have been more satisfactory to 
rearrange the pages in the book which refer to these 
subjects, but as the extra chapters contain material new 
to the book, it has proved more convenient to insert 
them in their present position since resetting type and 
renumbering pages would, at the present time, make 
work for the Publishers which is not strictly necessary. 
For the same reason the Index and Table of Suitable 
Projections have not been amended. 

In order to obtain information about Ordnance Survey 
Projections and Grids, I sought the help of Major R. F. 
Peel of the Ordnance Survey. He referred my queries 
to the Director-General (Major-General M. N. Macleod, 
D.S.O., M.C.), who himself most kindly wrote to me 
fully on the matter, and the present chapter, apart 
from the notes on military maps, is precisely in his 
own words. He has allowed me to publish it as it 
stands, together with the footnote on page 230. I am 
particularly grateful for this concise and authoritative 
statement. 

I am also indebted to Mr. A. R. Hinks and the Council 
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of the Royal Geographical Society for permitting me to 
use Plate XIV. Mr. E. E. Benest and Mr. N. Sheppard 
gave me considerable help in checking calculations, and 
Mr. J. A. Shirley drew the figures for me. 

J. A. Steers. 


Cambridge, May 1942. 



PREFACE TO THE FOURTH EDITION 


Various slight alterations and corrections have been made 
in the text, and an occasional note added to certain 
chapters. 

A reviewer of the former edition drew attention to the 
scant account then given to the Conical Orthomorphic 
Projections. I have tried to remedy this, though in some 
ways against my inclination as their construction in- 
volves the methods of the Calculus with which this book 
does not profess to deal. But as the Conical Orthomor- 
phic Projection with Two Standard Parallels is of 
some importance, a description of its construction is 
warranted. 

Transformational methods have been extended, and I 
gladly acknowledge not only the help Professor Fawcett’s 
account of the Oblique Mollweide gave me, but also the 
hint of further possibilities implicit in his method. 

Certain recent developments in projections have been 
incorporated. As no pretence is made at explaining their 
mathematical development, the treatment is purely 
descriptive. 

Whilst it has been my object to keep this book entirely 
for those not familiar with any more equipment than a 
general knowledge of elementary trigonometry, it is 
evident that it is used by some whose knowledge of mathe- 
matics is more advanced but who have not studied the 
matter of map projection fer se. I hope that the new 



PREFACE TO THE FOURTH EDITION 


material may be o£ some use to them, but I am really 
thinking of those who may wish to be aware of new ideas 
concerning projections rather than with the details of 
their construction. I may add that this is not a limita- 
tion which causes me any personal distress. 

I hope this will explain why I have included a certain 
amount of material which is scarcely of an elementary 
character. The matters alluded to are only described 
in outline, which is, I trust, sufficient for those for whom 
the book is primarily intended ; any who may wish to 
extend their study will find references to original papers. 

In conclusion I must acknowledge the great help and 
encouragement so willingly given to me by Lieutenant- 
Colonel J. E. E. Craster and Mr. W. V. Lewis. 

J. A. Steers. 

Kyle of Lochalsh, December 1936 
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PREFACE TO THE THIRD EDITION 

This edition differs from the second in several respects. 

(1) A few minor alterations have been made in the 
text. 

(2) The appendix on Conical Projections has now been 
made an integral part of the chapters dealing with these 
projections. The alternative construction of the Simple 
Conic with Two Standard Parallels now comes in the 
first part of the book, and the details of the Conical Equal 
Area with one Standard Parallel and Albers’ Projection 
are included in Part II in the appropriate chapter. The 
short note on Mercator’s Projection, which formed the 
second appendix of the earlier edition, is added as a note 
to the chapter on Mercator. These changes have been 
made to balance the book : there is otherwise always a 
danger of making the appendices equivalent to a third part. 

(3) Two new chapters (IX and XII) have been added. 
The first deals with the Parabolic and similar projections, 
the second gives in very brief outline a few notes on recent 
and unusual projections. No mathematical detail is 
given in this chapter. The construction of the graticules 
is not easy, and any attempt to give details would be out 
of place in such a volume as this. Nevertheless, the 
student should be familiar with the nature of these 
projections, and it is for this reason the chapter is added. 
Full references are given should the reader wish to obtain 
further information about these projections. 
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In the preparation of this edition I am once again 
particularly indebted to Lieutenant-Colonel Craster, who 
designed the Parabolic Projection and furnished me with 
a very complete account of it. Mr. W. V. Lewis has also 
given me considerable help in checking details and in other 
ways. The new diagrams have been prepared for me by 
Mr. E. Wrottesley. 

J. A. S. 

Cambridge, March 1933 


PREFACE TO THE SECOND EDITION 

In this edition a few minor alterations have been made 
in the text and Appendix I has been considerably enlarged 
— following a suggestion by Lieutenant-Colonel J. E. E. 
Craster, to. whom I am indebted for much help in this 
connection. A short series of Trigonometrical Tables 
has also been added which, it is hoped, will be of use 
to readers. The Tables on pages 224-232 are taken 
from the Four-figure Tables of Godfrey and Siddons, 
and are reproduced here with the permission of the 
Syndics of the Cambridge University Press. 

J. A. S. 

Cambridge, March 1929 
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This small volume is, for the most part, the fulfilment 
of a hobby. In developing this hobby it occurred to me 
that some notes on Map Projections might be of some 
use to students of Part I of the Geographical THpos. 
But in supervising the work of such students it has been 
very obvious that a geographer is not necessarily a 
mathematician. Hence it was clear that in compiling 
these notes a strict limit should be placed on the know- 
ledge of mathematics one could assume the average 
student to possess. It w'as not difficult for me to con- 
form to this limitation. In fact, I have ventured to 
write these pages simply because I am not a mathematician 
and have every sympathy for others in a similar 
position. 

Whilst I trust that such a confession as this will 
excuse the elementary treatment of the matters discussed, 

. and also other, perhaps greater, faults, I hope, at the 
same time, the book may be of some value. 

My original intention has been somewhat extended. 
The projections in common use have been described. 
The more difficult cases have, where possible, been 
approached by indirect means.. Graphical constructions 
have also been included to help the beginner in under- 
standing the general principles of the development of 
the several projections. For the same reason abundant 
use has been made of text figures and of worked examples. 
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The arrangement and plan of the book also call for 
some explanation. The division into two parts is quite 
arbitrary. In Part I have been included simple projec- 
tions only : of the Zenithals, for example, only Polar 
cases and some easy Equatorial cases are considered. In 
Part II some of the more difficult projections are described, 
and also the oblique cases of some of the Zenithals. 
Such a separation cannot be maintained on purely logical 
grounds : it is solely for convenience to the beginner, 
who will hardly want to attempt the Oblique 
Gnomonic before the Polar Stereographic or the Simple 
Conic. 

On the other hand, it may be argued that I have 
included in Part I several projections of no great value, 
and that I have described them at some length. The 
Orthographic is, perhaps, a case in point. Admittedly 
there is much to be said for this point of view. But it 
will be apparent that I have followed the more or less 
conventional way of presenting the subject. I have 
taken Zenithal, Conical, and Cylindrical Projections in 
turn, and in order to bring out the various modifications 
in these types I have not hesitated to give space to the 
less useful cases. Further, since some of the common 
Conventional Projections are not easily constructed, the 
Sinusoidal only is contained in Part I. 

In Part II I have made brief reference to some un- 
common projections, such as La Hire’s and “ La Carte 
Parallelogrammatique,” and others. The beginner need 
not think it necessary to study these projections as 
carefully as the more usual cases. But, after all, these 
particular projections are types to which it seems worth 
while to introduce the student. 

I have tried to base Part I on a step-by-step sequence. 
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To conform with this scheme, it seemed advisable to 
treat the Zenithals first. By doing so the student can 
be . introduced to Perspective Projections very simply, 
and easy modifications lead him directly on to the nature 
of Equidistant and Equal-Area Projections. Further, to 
the beginner, the Polar cases of the Gnomonic, Stereo- 
graphic, and Orthographic afford a very simple intro- 
duction to the application of Trigonometry. 

If the reader of this book is attending a course of 
lectures in Cartography, he will probably obtain from 
them a less formal- introduction to the subject. At the 
same time, it is hoped that the undirected student will 
find here material which will help him to appreciate the 
scope of this subject : it must be left to him to pick out 
those projections which are more commonly used. This 
he can do by reference to a good atlas and to the Table of 
Suitable Projections in Appendix 1. 

In brief, my endeavour has been to provide a working 
basis for the student or teacher who is not a mathematician 
but who wishes to understand, not only the character- 
istics and appearance of a graticule, but also its con- 
struction. 

In conclusion, I would like to thank the many friends 
who have helped me. I am particularly indebted to 
Mr. F. Debenham, not only for writing the Introduction, 
but also for reading the manuscript and making many 
helpful and encouraging suggestions ; to Mr. P. Lake 
for very kindly reading and correcting parts of the 
typescript ; to Mr. L. A. Wickert and Instructor- 
Lieutenant C. R. Benstead, R.N., for checking the 
calculations. Most of the illustrations have been pre- 
pared by Mr. R. A. Abigail, Mr. A, H. Chapman, 
Mr. R. J. Lark, and Mr. J. E. Cameron ; to all I am 
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very grateful. Finally, I would like to acknowledge the 
help I have receiyed from the books noted below ; the 
kindness and courtesy of the publishers ; and the great 
help I have received from Mr. H. D. Thomas, Mr. FI. 
■Horrocks, and other friends in reading the proofs. 

J. A. Steers. 

Cambridge, May 1926 
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Figures 26, 32, 34, 54, 55, 61, 74, 76, 77 have been 
reduced in scale for convenience in printing. This should 
be borne in mind when reference is made to them. 
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CHAPTER 1 

INTRODUCTORY; PROPERTIES OF PROJECTIONS 

A MAP projection is a means of representing the lines 
of latitude and longitude of the globe on a flat sheet 
of paper. Any such representation is a projection. 
The network thus formed is often called a graticule. 

Our Earth, however, is a sphere : our maps are flat. 
As it is impossible to make a sheet of paper rest smoothly 
on a sphere, so it is impossible to make a correct map 
on a sheet of paper. It is for this reason that projections 
have become necessary. A casual inspection of a good 
atlas will show that there are several different kinds of 
projections. In some the lines of latitude and longitude 
are straight, in others curved, and yet again, the meridians 
may be straight and the parallels curved, and so on. 
By. making these several selections, however, certain 
advantages may be obtained, so that particular countries 
are better represented on some one projection than 
on another. 

Although it is impossible to make a correct map of 
any part of the globe, it is by no means difficult to 
maintain certain definite qualities in a projection. These 
qualities may be enumerated as follows : 

Preservation of Area. 

„ „ Shape (orthomorphism). 

„ „ Scale. 

„ „ Bearing. 

Ease of Drawing. 
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STUDY OF MAP PROJECTIONS 

In order that a map (after reduction is made for scale) 
may be equal in area with that part of the globe which 
it represents, shape must be neglected. A combination 
of true shape and correct area is impossible. But it is 
a comparatively simple matter to make one surface 
equal in area to another if it does not matter how much 
shape is discounted. For example, a rectangle whose 
sides are i inch and 4 inches is of the same area as a 
square on a base 2 inches long. Again, two parallelo- 
grams on the same base and between the same parallels 
are equal in area. By easy calculation a circle may be 
made to enclose a space equal to the surface dimensions 
of a sphere. Many similar examples might be given, 
but these are sufficient to show that the preservation 
of area alone is not a difficult matter. 

The quality of orthomorphism is rather more difficult. 
If a map is correct in shape in all details, then it must 
be a true map. But this is impossible, and hence the 
term is, perhaps, rather misleading. Orthomorphism 
really applies only to small areas. Theoretically it 
applies only to points, but with this finer distinction 
we need not concern ourselves in this place. In order 
that shape may be maintained, two factors must be 
considered : (i) the meridians and parallels are at right 
angles to one another on the globe, and, in an ortho- 
morphic projection, they must be so on the map as well; 
and (2) at any one point the scale is the same in all 
directions, but may vary from point to point. 

Mr. Hinks in his Maf Projections gives the examples 
of orthomorphism shown in Fig. i. 

Let A represent a strip of country along a meridian, 
divided into equal parts by the parallel X. This strip is 
rendered orthomorphically in B and C. In each case 
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PROPERTIES OF PROJECTIONS 

the angles are still right angles,, and at any point such 
as X the scale along parallel and meridian has been 
exaggerated equally. But C is better than B, in that the 
meridians are straight lines, whereas they are not in B. 

The question of scale is dealt with more fully in 
another chapter. We may here define scale as the ratio 
of map to ground. It is, again, an impossibility to 
have the scale correct in aU parts of a map, but it is 
quite possible to make the meridians true, or the parallels 
true, or certain of the parallels and meridians. 



A B C 

Fig. I. — Diagrams illustrating Orttomorphism {after Hinks). 

The preservation of correct bearings or azimuths is 
often an important matter, particularly in navigation. 
In this place it is not possible to discuss the question 
fully, but it may be said at once that the simplest case 
is the preservation of true bearings from the centre of 
the map. When this centre coincides with the North 
or South Pole, the meridians will be lines of true 
bearing. The particular case of the Mercator Chart 
is discussed in Chapter X. 

Lastly, we must consider the actual drawing of the 
projection. At the same time a word may be added 
concerning the calculations required in some graticules. 
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STUDY OF MAP PROJECTIONS 

Other tilings being equal, it may be said at once that that 
projection which requires least calculation and which is 
most easily drawn will be chosen for a particular map 
rather than a more complicated case. The calculations, 
however, are not the concern of the draughtsman, but of 
the mathematician. Clearly it is easier to draw straight 
lines and arcs of circles than more complex curves. This 
consideration, while very practical, is theoretically 
unsound, because many of the more difficult projections 
to draw are not only more elegant, but at the same 
time better suited to the country to be mapped. Furthei 
details on this matter are given in Chapter XII. 
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CHAPTER II 
SYSTEMS OF PROJECTIONS 

The term projection, in the cartographical sense, does 
not necessarily imply perspective or “ geometrical ” pro- 
jection. For our purpose the word means the repre- 
sentation of any object on a plane. We are concerned 
with the various ways of delineating the parallels and 
meridians of the sphere on a plane. 

Let us consider first a simple case. Imagine a source 
of light at the centre of the globe, and, further, suppose 
it possible for this light to throw out as shadows the 
meridians and parallels, as well as the forms of the con- 
tinents and oceans, on to a flat sheet. For the sake of 
simplicity we ■will suppose our sheet to touch the sphere 
at the North Pole. ■ We should find that the meridians 
were projected as straight lines and the parallels as 
circles. But, whereas the parallels of latitude are equi- 
distant on* the earth’s surface, the distance between 
them would increase from the centre on our projection. 

By shifting either the position of the 'light or the 
sheet of paper, we could modify our “ shadow ” map 
very considerably. We might, for example, place the 
light at the South Pole, and place the plane so as to 
bisect the sphere, e.g. in the plane of the Equator.^ 
Again, the plane might be made to touch the sphere 

^ In this case the “ shadows ’’ must be regarded as reflected back ” 
on to the plane. 
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STUDY OF MAP PROJECTIONS 

at some other point than the North Pole. However, 
as long as we project the features of the earth as 
shadows, we shall obtain some form of perspective or 
geometrical projection on the plane. 

Projections made on to a plane in, this way are called 
Zenithal or Azimuthal Projections. An azimuth is a 
true bearing, and bearings are all true from the centre 
of any zenithal projection. We have said, however, 
that our plane need not necessarily touch the globe at 
the Poles. It may touch at a point on the Equator, 
or at a point between the Equator and the Poles. These 
three cases may be termed Normal (i.e. Polar), Equatorial, 
and Oblique. 

So far we have considered only the perspective zenithal 
projections. Whereas these are projections in the strict 
sense of the word, they are not always very satisfactory. 
Modifications may be made so that areas are maintained 
correctly, or, again, distances preserved. The nature of 
the modifications involved is considered elsewhere, but 
it may be said immediately that the modified or non- 
perspective forms are the more important, and, as in 
the case of the perspective forms, there are normal, 
equatorial, and oblique cases. 

There are, however, other surfaces on which projec- 
tions may be constructed. A sheet of paper may be 
rolled up to form a simple cone, which may be placed 
on a globe of convenient size. If the apex of the cone 
lies on the axis of the earth produced, the cone will 
rest along a line of latitude. This is the normal case. 
Conceivably a cone could be placed in as many positions 
as the plane in the zenithal projections, but the normal 
case is the only one that gives a useful map. As with 
the zenithals, we may imagine perspective and non- 
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SYSTEMS OF PROJECTIONS 

perspective forms, but in the case of the conical pro- 
jections only the non-perspective forms are of any value. 

The third system of projections may be called 
Cylindrical Projections. In these we may imagine a 
sheet of paper rolled into a tube form and placed round 
a globe. As in the two previous cases, we may have 
perspective. and non-perspective forms, as well as polar, 
equatorial, and oblique cases. But the most useful 
types are the non-perspective equatorial cases. 

Apart from these three generalised types, there is a 
large and important class that cannot be related to any 
of them. We may call these Conventional Projections, 
and include in their number some much-modified 
conical projections. Projections in this class vary 
considerably in construction and appearance, but are 
very widely used. This is due largely to the fact 
that the modifications in several cases are such as to 
give equal areas in a form convenient for atlas maps. 
Further, this class includes the projection used for the 
International One-in-a-Million map and also projections 
suitable for topographic surveys. 

In conclusion, we may give in tabular form a generalised 
classification of projections, paying attention only to 
those cases which are of direct use : 

Normal. 
Oblique. 
Equatorial. 

2. Conical Projections Non-perspective. Normal. 

3 

4. Conventional and Modified Conical Projections. 


. Cylindrical Projections Non-perspective 


Equatorial. 

Transverse. 


Zenithal Projections 


rPerspective 

iNon-perspective 
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CHAPTER III 

PART I. AREAS 


In the study of map projections we are much concerned 
with the question of area and how to make areas on a 
sheet of paper equal to areas on a globe, or a cone, or 
a cylinder, reduction being made for scale. Thus it is 
most important that the beginner should have some 
knowledge of this subject, and it is with this view that 
the following chapter is written. 

Area of a Rectangle . — ^The simplest case is the rectangle. 



Fig. 2.— Area of a Rectangle. 


If we know the length of two adjacent sides, the area 
is found by multiplying them together. In fig. 2 the 
area is found by multiplying the length of AB by that 
of AD or BC. The square is a particular case of the 
rectangle. 

Area of a Triangle.— The triangle is equally simple. 
Its area is half that of a rectangle having the same 
base and altitude. In fig. 3 ABC and AKVC are on 
the same base AC and of the same altitude DB. 
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AREAS 


It is clear that ABD = f AKBD and DBC = fDBVC. 
In other words, ABC = iAKVC, or the base x i 
the altitude (BD), or the altitude (BD) X i base 
X b. 

Area of a Polygon . — Having found the area of a tri- 


K B V 



A D h C 

Fig. 3. — Area of a Triangle. 


angle, we can at once proceed to find the area of any 
regular or irregular figure enclosed by straight sides. 
All that is necessary is to divide the figure up into a 
series of triangles, and the area of the whole figure is 
the sum of the area of the triangles. The area of the 


F 


C 


E D 

Fig. 4. — Area of a Polygon. 

figure ABCDEF = total area of the triangles BCD, 
BDA, ADF, FDE (fig. 4). 

Area of a Circle . — The area of a triangle is also 
the first step in finding the area of a circle. Let 
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STUDY OF MAP PROJECTIONS 

ABC be a circle, with centre O. Divide the circum- 
ference into any number — n — of equal parts, AB 
being one of them. Join OA and OB. The area of 
the triangle OAB = AN X NO, (f- base X altitude). 

Consequently the area of the poly- 
% 

gon thus formed = - AB X ON, 

or « X AN X ON (fig. 5). 

If the parts around the circum- 
ference are made infinitely small, 
each chord, such as AB, will finally 
become the same length as the arc 
AB — ^in other words, the perimeters 
of the polygon and of the circle have 
coincided — or -n X AB = 2wf. 

Also the perp. ON finally coincides with radii OA 
and OB. 

Therefore area of circle 

= area of polygon of infinitely small sides 
= M X AB X ON/2 
= ^^Tr X r/2 (because in final 
stage ON becomes a 
radius) 

Area, of a Sector .— area of a 
whole circle has been shown to be 
TT-r®. Let OAD be any sector, Fig. 6. Area of a Sector, 
divided into n equal parts, such as OAB (fig. 6). 

Now, area of the triangle OAB = AM x OM = 
iAB X OM and the area of the other triangles is the same. 
But, as in the circle, the part AB may be made infinitely 
small, and then the arc AB will equal the chord AB. 
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Fig. 5. — Area of a 
Circle. 



AREAS 


Consequently, the area of the whole sector is equal to 
the area of the constituent triangles : 

Area of sector = n X AM X OM 

and, as in the final stage OM becomes equal to r, the 
radius of the circle, 

Area = n X AM X r 

= f X i (length of arc). 

Trigonometrically, if 0 = circular measure of the angle 
AOD, 

we have arc AD = rQ 
and area of sector = X r 

= (See Appendix 11.) 

Superficies or Surface Areas of Solid Figures 

The Area of a Parallelo fifed . — ^The simplest case is 
the parallelepiped — a figure bounded by three pairs of 
parallel planes. The cube is a special case. 

The area of each face of a cube is found by multiplying 
length by breadth. The area of each face of a parallelo- 
gram is found by multiplying one side by its perpendicular 
distance from the opposite side. Therefore, to find the 
surface area of a parallelepiped, find the area of each of 
its faces and sum the results. 

The Area of a Pyramid . — A pyramid (also a tetra- 
hedron) is a figure all of whose faces except one meet 
in a point called the vertex. All the faces, except in 
most cases the base, of such a figure are triangles. 
The area can be found by finding the area of each 
face and adding the sums together. The area of 
more complex figures bounded by plane faces can 
be obtained similarly. Find the area of each face, 
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STUDY OF MAP PROJECTIONS 

either by direct methods or by dividing it up into 
triangles, and add together the sums thus obtained. 

The Area of a Cylinder . — Let fig. 7 represent a cylinder. 
The area of the base is -irr^. The height of the 
cylinder is MN. Consider the cylinder cut along MN 
and unrolled. Clearly we have a rectangle whose height 
is MN, which is the same as that of the cylinder, 
and whose length is equal to the circumference of 
the top of the cylinder. The length 
of the circumference of a circle is Ztrr, 
and if the height of the cylinder be 
called h, the area of the curved surface 
of the cylinder is zrrrh. 

If the two ends are included, the area 
is Zrrrh + 

The Area of a Cone . — The area of a 
cone is, for the present purpose, very 
important. Let ABC (fig. 8 ) be a cone. 
V is the mid-point of the base, and AV 
is perpendicular to the base. 

Call AB, /, and VC, r. 

The surface of the cone may be 
regarded as made up of an infinite 
number of triangles of which AXY is one. The 
common vertex of all such triangles is A. The 
altitude of all triangles is the slant height of the 
cone, 1. 

Thus the curved surface is equal to the sum of the 
triangles 

= f rectangle contained by I, and sum of the bases 
— il X circumference of the base 
= irrl, where r is the radius of the base. 


the base or of 



.Fig, 7. — Area of a 
Cylinder. 
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The area of a cone may be found by another method, 
a method of rather more 
common use in projections. 

Unwrap ” or develop 
a cone, and a sector of a 
circle is formed (fig. 9).^ 

If the angle 9 contained 
by the bounding radii is 
known, then the area is iPd 
(see page 13). Should it 
be necessary to find the 
area of the whole surface 
of the cone, add the area 
of the base to that of the 
curved surface : tttI + 
or iP6 + Trr^. 

The Area of a Frustum 
of a Cone —One further 
step is necessary ‘ before 
considering the area of a ® 

sphere — to find the area of the curved surface of the 
frustum of a cone. A frustum 
is defined as the volume between 
two parallel planes. In fig. lo we 
want to find the area of the portion 
BCED. 

Tj is the radius of the end DE 
r the radius of the end BC 
L is the slant length of the side DB. 

Let BA = X. 

‘ A cone may be cut along a straight line joining apex to base, and 
then unrolled or “ developed.” Surfaces such as this are called “ develop- 
able surfaces ” (see page 64). 




Fig. 9. — Area of a 
Cone. 
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By similar triangles 


X 


X I 


r 


therefore 


X 

1 


The curved surface of the frustum BCED 

= the curved surface of the 
cone ADE — the curved 
surface of the cone ABC 
= 1) — tttx 

= 7r[rjl + x(r^ — r)} 

= Tr(rJ. -\- rl) 

= ir/(ri -f r). 

The Area of the Surface of a 
Sphere . — ^As projections have to 
do with the representation of the 
globe on flat surfaces, the method 
employed in finding the area of 
part or all of a sphere is very im- 
portant. 

It can be proved that the sur- 
face area of a sphere is equal to 
that of a circumscribed cylinder, 
or = 

In fig. II, VO is the axis of the circumscribing cylinder. 
S'Y'N'W' and SYNW are corresponding belts on the 
cylinder and the sphere. 

T is the mid-point of SW, and TK is perp. to OV. 
If WS be regarded as a straight line, we may look upon 
WSYN as a frustum of a cone, whose area is equal to 
■"K'Ti + r), where I = WS, r^ — WD, and r = SE. 

Thus area of frustum = 2tt X TK X WS, for the 

1+ A 



Fig. 10.— Area of a 
Frustum of a Cone. 


curved surface of the frustum of a cone = 2n 

l6 
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or 27 tI X the arithmetic mean of the radii at each end 
of the frustum — ^in this case SE and WD, whose mean 
is TK. 

LW is parallel to S'W', and SW is perp. to TO, 
because T is the mid-point of WS. 



Also ZWSL = ZSTK, since LE || TK. 

And L STK = 90° - Z KTO 
= ZTOK. 

Therefore, the triangles WLS and TOK are similar 
„ TO/TK = WS/WL = WSjW'S' 

TK X WS = TO X W'S' 

17 
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Therefore, the surface generated or described by WS 
= 2^ X TO X W'S' 

= 27 r X W'D X W'S' 

= surface generated by W'S'. 

In the same way other belts are generated. 

The conclusion is thus reached that the surface of a 
sphere is equal to that of a circumscribed cylinder, i.e. 
to (since h = 2t). 

In other words, the area of a sphere is four times 
the area of a great circle — a circle passing entirely round 
the sphere and whose plane passes 
g through the centre of the sphere. 

The Area of a Zone . — ^The area 
D of a zone or belt of a sphere is 
obtained in a similar manner. Let 
A'B'DC be any such zone. Its 
height is equal to the height of 
' oTat'w' corresponding zone on a cylin- 
der (fig. 12). 

Call the height of this zone h. 

Now, the area of this zone 
= that of the corresponding one on the cylinder 
= ABCD 

= zwrA. 

Therefore, the area of a zone = inrh, or the circum- 
ference of the great circle X by the height of the zone. 
Reference to fig. 14 shows that A = R sin f>. 

. Area of a zone on a globe of radius R = zttR x R 
sin <l> = 2TrR2 sin <j>. 

PART 2. LATITUDE AND LONGITUDE 
When we think of maps and map projections, we 
imply a. knowledge of latitude and longitude. A map 
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LATITUDE AND LONGITUDE 

cannot be drawn unless the parallels and meridians are 
first plotted, because all places on the Earth’s surface 
are defined hy these means. 

We speak of a place in, say, lat. 50° N. What do we 
mean ? We picture a line called 50° passing through 
this place and we know this line’is parallel to the Equator, 
which is also a line of latitude numbered 0°. If we take 
a point on lat. 50° and another on lat. 0°, both points 
being on a plane 
through the axis of 
the globe,^ and join 
both to the centre 
of. the globe, we 
shall find that the 
angle made is 50°. 

Thus “ latitude ” 
may be defined as 
angular distance 
north or south of 
the Equator. A 
parallel of latitude 
is an imaginary line 
drawn round the 
Earth parallel to 



Fig. 13.- 


-Diagram illustrating Latitude and 
Longitude. 


the Equator and at a constant angular distance from it. 
Only one line of latitude — the Equator — is a great circle ; 
all others are small circles. “ Longitude ” is measurement 
in an easterly and westerly direction. A meridian of 
longitude is a line passing entirely round the sphere, and 
through the Poles. All meridians are great circles. 

Parallels and meridians .intersect at right angles on 
the globe. 

* In other words, the points are on the same meridian of longitude. 
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In fig. 13 EVQ is the Equator. 

EO, the radius of the sphere, = R. 

ATB is a line of latitude whose angular distance from 
the Equator is the angle TOV = (j>. 

The angle TON is called the polar distance or the 
co-latitude of T = x = (9°° — — lat.). 

SANQ and SVTN are meridians of longitude whose 

distance apart is 
the angle EOV 

= e. 

AM is the radius 
of the parallel 
ATB. 

ABQE is a zone 
whose altitude is 
MO = h. 

If we know the 
value of R, the 
radius of the 
globe, and the 
latitude of any 
parallel, it is a 
verp easp matter 
to find the length of that parallel. 

In fig. 14 we have the same lettering as in the previous 
figure, but the latter is rather more simplified. 

The latitude of the parallel AB is the angle AOE = (j>. 

EO = AO = R. 

Because AM is parallel to EO, 

angle MAO = angle AOE = ^ 

Therefore AM = R cos <^. 


N 



Fig. 14.— Diagram illustrating Latitude and 
Longitude. 
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But AM = radius of the parallel AB. 

Therefore length of parallel AB = 277 R cos 4 >. 

If the radius and length of the parallel are needed 
in terms of the angle AOM (the co-latitude), then 
AM = R sin X, AB = aw R sin x- 
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CHAPTER IV 
SCALE 

Any atlas map, with the exception of World maps,^ 
has attached to it a scale line, or a statement of the scale 
to be used on the map. The scale may be shown as a 
line divided up into units representing miles, hundreds 
of miles, and so on ; or it may be in the form of a fraction 
called the “ representative fraction.” In whatever way 
it is shown, we know that to read the map correctly we 
must make use of the scale intelligently. 

We may define scale as the relation between a given 
distance on the ground and the corresponding distance 
on the map. Thus, if we say that a map is on a scale 
of I inch to I mile, we mean that an inch on the map 
represents a mile on the ground. Writing this as a 
(representative) fraction, we have 1/63,360, the denomi- 
nator being the number of inches in a mile. It is worthy 
of notice, however, that 1/63,360 or any other fraction 
means that one unit (numerator) on the map represents 
so many— 63,360 in this case— units (denominator) on 
the ground. Directly we use a fraction instead of a 
statement, such as i inch to i mile, we free ourselves 
from any one particular unit of measurement, and in 
return have a ratio expressing the relation between map 
and ground in any unit of measurement. Thus i /ioo,ooo 

1 Mercator’s Chart is sometimes accompanied hy a scale which is 
adjusted to each line of latitude. 
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means that i unit^ be it inch, centimetre, or any other 
unit, represents 100,000 inches, centimetres, etc., on 
the ground. 

In one sense, therefore, we may define a map as a 
reduced representation of a part or all of the globe. But 
the globe is a sphere and a map is made on a flat sheet 
of paper. This contrast leads us to one rather puzzling 
feature in the question of scale. If we were to make 
a small map of East Anglia, we need hardly take 
'into consideration the curvature of the earth. The 
area of the district is so small and the globe is so large, 
that, to all intents and purposes. East Anglia may 
be regarded as flat. But if we were to map the district 
on a very large scale we. should begin to notice dis- 
crepancies creeping in, because on this scale we have 
room to make allowance for the curvature of the 
Earth. 

We can approach the problem from another point 
of view. If we have a globe we can stick a small piece 
of paper to it in such a way that it does not crease to 
any noticeable extent. This implies that the area on 
which the paper rests could be, on the scale of that 
globe, represented nearly correctly on a flat surface of 
the size of the paper. Now imagine a very much larger 
globe. The area over which the paper rested in the 
first instance has now expanded in a certain proportion, 
and thus in order to cover it we must expand the sheet 
of paper in corresponding proportion. But if we w^ere 
to experiment on this second globe with the larger piece 
of paper, we should find that the paper would not lie 
as '' flat ’’ as in the first case. The little crumples, 
which were then so small as to be practically unnoticeable, 
are now greatly magnified, their size having increased 
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in the same proportion as the paper, and they are now 
of such magnitude as to be conspicuous. 

Thus it is that any map of a small area and on a scale 
liiely to occur in an ordinary atlas is virtually correct. 
On the other hand, if, instead of increasing our globe, 
we increase the paper alone, we shall find that we cannot 
cover a large area without very considerable folding. If 
we try to stick a piece of paper over Asia on any 
globe, we shall find that we cannot do so without 
greatly distorting the paper. 

So far we have considered scale only with reference 
to • the curvature of the globe. One other point must 
not be omitted. A map, after all, is, by the nature of 
things, only a picture of the ground. We can reduce 
objects to scale, but we cannot do this ad infinitum. 
The average draughtsman cannot do more than produce 
lines as fine as l/iooth of an inch. Now, if we are working 
on a scale of I inch to I mile, we have l inch representing 
5,280 feet, or l/iooth of an inch representing 52-8 feet. 
Now, 1/63,360 is a large scale, and is never reached in 
ordinary atlas maps. But even with so large a scale 
we are unable to reduce , all objects correctly. For 
example, most main roads are about 40 or 50 feet 
wide : if we were to draw them correct to scale on 
a I -inch map, they would appear as lines i/iooth of 
an inch thick. But because of their great importance 
this is inconvenient — and, therefore, they are much 
exaggerated on a map. 

On an atlas map only the very big and important 
features can be shown, but even then we are faced with 
the same difficulty. Rivers afford a good example ; 
the Amazon is one of the main physical features of 
South America. An ordinary scale for South America 
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on an atlas is 1/17,000,000.^ On this scale a mile is 
represented by a line 0-00373 inches long. Iia its upper 
and middle courses the Amazon is often more than a 
mile wide, but no cartographer would try to show it as 
a sinuous line 3/i,oooths of an inch thick. 

Therefore, we are forced to the conclusion that the 
question of scale is of the utmost importance. We may 
reduce the scale, but we cannot increase the fineness 
of our draughtsmanship. For small maps we must 
allow more to be shown conventionally than for large- 
scale maps. 

So much for the general problem. Let us now turn 
to the application of it in ■ the construction of map 
projections. 

The position of any place on the globe is determined 
by its latitude and longitude. If, then, we can draw 
in the parallels and the meridians in the way we re- 
quire them, on a sheet of paper, the country can be 
sketched in afterwards. In approaching the problems 
of scale and projection it will be well to concentrate 
wholly on the parallels and the meridians, and not to 
worry about the outlines of lands and seas. 

Eratosthenes gave us our first good measurement of 
the radius and of the circumference of the globe, but 
even now we really do not know the exact form. How- 
• ever, that matters little here, because the more exacting 
refinements of Geodesy cannot be shown on an ordinary 
map. For our purposes we shall assume the earth is a 
ball whose mean radius is 3,960 miles or 250,905,600 
inches.^ For practical purposes we shall call this 

^ The scale used in Bartholomew’s Oxford Atlas, 

2 Chauvenet and Loomis give 20,889,000 feet as the radius of the 
earth. 
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250.000. 000 inches — the odd thousands mating no ap- • 
preciable difference for ordinary scales. 

Imagine a globe having a radius of 250,000,000 inches. 
If we wish to make a globe 1/250, 000, 000th the size of 
the Earth, we must divide the radius of the Earth by 

250.000. 000 — in which case we have i inch. In other 
words, a small globe of i inch radius is 1/250,000, 000th 
of the size of the Earth itself, i.e. taking the radius as the 
unit of measurement. [The area of the sphere is 47 t;R®, 
the volume l-itR®.] 

On the Equator of the Earth a degree of longitude is 
I /360th of the whole circumference — or nearly 70 miles. 
On a globe on a scale of 1/250,000,000 a degree of longi- 
tude will be 250,000,000 times smaller, and we must 
express the amount in some small unit such as a fraction 
of an inch or of a millimetre. As we are assuming that 
the Earth is a true sphere, it follows that degrees of 
latitude measured along the meridians are of the same 
length as degrees of longitude measured along the 
Equator. 

Again, if we require a map on a scale of 1/1,000,000, 
we see at once that the radius of a globe on this scale 
is 250 inches. The length of the Equator on such a 
globe is ZitR, or 2 X 3'i4i6 X 250 inches, and i degree 
of longitude on this globe (measured along the Equator) 
is 27TR/360 or 2 X 3*1416 X 250/360 inches ; similarly for 
the length of a degree of latitude measured along the 
meridians. If we want to find the length of any other 
line of latitude we make use of the formula given on 
page 21 : 

Length of a line of latitude = airR cos lat. 

The length of the 50th parallel on a scale of 1/1,000,000 
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= 2TtR cos 50°, where R = 250 inches 
= 2 X 3-1416 X 250 X 0-6428 inches. 

And I degree of longitude along this line 

= 2 X 3-1416 X 250 X 0*6428/360 inches. 

Having found the lengths of any lines or parts of lines 
that we need, we plot them on paper and in this way build 
up a network. Of course, not all lines thus plotted will 
be true to scale ; if they were, we should have a correct 
map, which is, i-pso Jacto, impossible. However, the 
foUo-v^g pages wiU make this point clearer, but in the 
actual question of scale nothing more is involved than 
given here. 
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CHAPTER V 

PART I. ZENITHAL OR AZIMUTHAL PROJECTIONS 

These projections are made upon a plane tangent to 
the globe at any point. Usually the point is taken at one 
of the Poles or at some place on the Equator ; it can, 
however, be taken at any other point, but, if it is, the 
projection is more difficult to make. 

A sub-division may be made into perspective and 
non-perspective zenithals. In the former the construc- 
tions are most easily visualised if one imagines a trans- 
parent globe, with the surface features painted on it, 
placed in various positions relative to a point of light. 
If the light be inside the Earth— at the centre— we 
have the Gnomonic ; if at one end of a diameter, the 
Stereographic ; if at an infinite distance away, the 
Orthographic. In this last case all the rays are supposed 
to be parallel. These relationships are easily seen by 
means of three diagrams (fig. 15, A, B, C). (In each 
case XY is the plane of projection and 0 the source of 
light.) 

It can be seen at once that these are merely special 
cases : the source of light can be moved to any other 
position, as in the cases of La Hire, Sir H. James, Clarke, 
and others. La Hire takes the source of light at 171 
times the radius of the Earth, Sir H. James at 1*367 
times the radius, and the several points that Clarke took 
varied between 1*65 and 1*35 times the radius. By so 
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altering the position of the light certain advantages are 
obtained — but their study involves a knowledge of 
higher mathematics and cannot be considered here. In 



Fig, 15.— Simple Perspective Zenithal Projections. 


any case these particular projections are very seldom 
used (fig. 16). 

The non-geometrical zenithals include the zenithal 
equidistant and the zenithal equal-area. In the polar 
case of the former, the distances along the meridians are 



Fig. 16. — Points of Projection of certain Zenithals. 


the same as on the globe, reduction being made for scale ; 
and on the latter, the area between any two parallels 
is made the same as on the globe. All zenithals possess 
the property of maintaining azimuths, or true bearings 
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from the centre of the map, correct. This is most 
easily visualised in the polar cases, because the meridians 
all radiate out from the Pole at their correct angular 
distance apart. The same property holds good if the 
plane on which the projection is constructed is tangent 
to the globe at any other point, but only in the polar 
case will the meridians correspond with the azimuthal 
lines. ^ 

PART 2. THE GNOMONIC OR CENTRAL PROJECTION 

This is a zenithal projection of the perspective type. 
The source of light is at the centre of the globe, and 
the plane on which the projection is made is tangent 
to the globe at some point — usually at one of the Poles 
or on the Equator, though it can be anywhere else. 

The projection is unsuited for large ^reas, because 
the exaggeration of the scale increases very rapidly away 
from the centre of the map. It possesses one great 
quality — aU great circles are straight lines on the projec- 
tion. This means to say that if we are using a gnomonic 
chart and we wish to find the shortest distance between 
any two places on it, all we have to do is to join these 
two places by a straight line. That great circles are 
straight lines on the projection can be most easily realized 
in the polar case : the meridians all pass through the 
poles, and, as seen from the centre of the globe, would 
appear as straight lines on the plane of the projection. 

‘ It is important to realise at the outset that a zenithal projection of 
any sort can be used for a country just as weU as for a hemisphere. The 
beginner may be misled by the fact that, e.g. the zenithal equal-area 
projection, which so often figures in atlases for the “ World in Hemi- 
spheres,” is not commonly used for any other map. Africa— and other 
areas— can be mapped on any of the zenithals, though, necessarily, certain 
countries are better suited to them than others. 
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The student should try to visualise this and the other 
two cases : (i) when the plane of the projection is 
tangent to the Earth at some point on the Equator, 
and (2) when it is tangent at a point between the Poles 
and the Equator.^ 

The projection is seldom used in atlases, on account 
of the great exaggeration. It is sometimes used for 
charts of small areas, and the recent advances in air 
navigation have tended to popularise it to some extent, 
although Mercator’s Projection is used officially for air 
maps. 

Polar Case 
Graphical Construction 

In fig. 17 the method is illustrated. Draw a circle 
to scale to represent the Earth and from its centre draw 
radii at the required angles, such as OB, OA, OD, and 
continue these lines to the plane D'D', which is tangent 
to the Earth at the North Pole. The radii for drawing 
the concentric circles representing the parallels can be 
taten off directly with a pair of compasses : NB' is the 
radius for 70°, because the angle NOB is or the 
complement of 70°. The meridians are constructed 
with the help of a protractor, by laying off angles equal 
to the required interval of longitude from N as centre. 

Trigonometrical Construction 

The polar case is very easy. A plane is supposed to 

* That ALL great circles project into straight lines follows from the 
fact that any great circle lies in a plane through the centre of the globe, 
which is the centre of projection. The great circle must therefore project 
into the line of intersection of its plane with the plane of the projection, 
no matter where the plane of projection may be. 
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touch the globe at one of the Poles, and points on the 
surface of the Earth are projected geometrically on to 
this plane from the centre of the globe. 

It is clear from fig. 17 that places situated far from 
the Pole are much distorted on the projection. D is 



Fig. 17. — Graphical Construction of Polar Gnomonic. 


30° from the Equator or 60° from the Pole. In the 
figure the radius of the Globe is i inch ; the distance 
ND along the Earth is then 2wR/6 or 1*0472 inches. 
But D is projected on the plane as D'. Now, ND' 
is equal to NO tan (angle NOD'), or R tan 60°, or 
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1*7321 inches — an exaggeration of 0*6849 inches. 
Further, the Equator cannot be represented on the 
projection, because, as seen in the diagram, QQ is 
parallel to D'D', and therefore the projection of Q 
cannot reach the plane. 

To make the polar map, all that is necessary is to 



cc 


Fig. 18. — Gnomonic Map of North Polar Areas. 

make a table of the tangents of the angles NOB, NOA, 
etc. (i.e. the tangents of the. co-latitudes or the co- 
tangents of the latitudes), for as many degrees as required 
and multiply these by the radius of the Earth, reduction 
being made for scale. These are marked off along a line 
which is taken as a meridian, and concentric circles are 
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drawn through, each separate point. The meridians 
are spaced off with a protractor (fig. l8). 


Equatorial Case 
Graphical Construction 

The graphical construction of the equatorial gnbmonic 



Fig. 19,— Graphical Construction of Equatorial Gnomonic. 


is rather more complicated than that of the polar case. 
A circle is drawn to scale to represent the Earth. Degrees 
from the centre of the circle are then laid off with a pro- 
tractor as before. The divisions along the Equator and 
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along the central meridian are obtained as for the 
parallels in the polar case. To find the spaces on any 
other meridian (fig. 19), draw a line such as MN at 
right angles to OM at the point M. The divisions MK, 
etc., will then give the required points along that par- 
ticular meridian. By doing the same for every other 
meridian, a complete graticule can be constructed. 


Trigonometrical Construction 

The same general principles hold good as in the polar 
case. If a plane is made to touch the sphere on the 
Equator, it is easy to 


see 


the 


men- 



Fig. 


20. — Trigonometrical Construction 
of Equatorial Gnomonic. 


that along 
Equator the 
dians will be spaced 
just as were the par- 
allels in the polar map 
— i.e. at distances from 
the central meridian 
varying as the tangents 
of the angles of longitude. Similarly, the distances of the 
parallels of latitude along the central meridian from the 
Equator must vary as the tangents of the angles of latitude. 

The main difficulty, however, is to draw in the other 
parallels, which are not great circles and, therefore, not 
straight lines on the projection ; they are, in fact, curves 
convex to the Equator. In fig. 20 the projection of 
A is A' ; that is to say, A' is the point on the projection 
representing the position of the meridian of longitude A 
on the globe. In the polar projection it will have been 
noticed that all the meridians are straight lines. But all 
meridians are great circles, and it has already been 
pointed out that the planes of all great circles pass 
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through the centre of the Earth. Thus all meridians 
on the gnomonic projection, no matter where the 
plane touches the Earth, are straight lines. In fig. 21 
OA' = R sec 6 , i.e. the line joining the centre of the 
Earth O to A' is longer than the radius OB hy the 

amount AA'. But on the globe 
a parallel of latitude always 
maintains a constant angular 
distance from the Equator. 
Therefore, in order to find the 
position of C' on the plane of 
projection (fig. 21) we must 
multiply the distance OA^ by 
the tangent of angle C'OA', that 
is, the latitude of C. But OA' = 
OB sec A'OB = R sec (long.) 
,*. C'A' = R sec (long.) tan (lat.). 

In fact, we arrive at the con- 
clusion that the position of the 
intersection of any meridian and 
parallel, apart from any point on 
the Equator or on the central 
meridian, is given by the formula 
R sec 6 tan where 9 is the 
Fig. 21.— Trigonometrical difference in longitude between 

Construction of Equa- central meridian and the 

tonal Gnomonic. . . 

meridian m question, and <l> the 

difference between the Equator and the parallel in ques- 
tion. This is shown in figr2i. 

The matter may be put in another way. ABC (fig. 
22) is the plane of the projection. DE is the meridian of 
longitude 9 , measured from the central meridian, EA. 
DE projects into BC. 
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The Equator projects into AB. 

GF is a parallel of latitude 

Then F (lat. long. 6) projects into C, on BC, and 
BC = OBtan BOC = OB 
tan <j>. 

But OB = OA sec 
AOB = R sec 6. 

BC = R tan 4> 

sec 6. 

The conclusion is 
reached that the point 
in lat. (f>, long. 6, projects, 
into the point C on the 
straight line BC, corre- 
sponding to the meridian 
(long. 6). AB corresponds zz.-Trigonometrical Construe- 
' f "L ■ j A T-^ tion of Equatorial Gnomonic. 

to the Equator, and AD 

to the central meridian, and BC = R sec 0 tan (f> (fig. 23). 
In the equatorial gnomonic the parallels will be curves 

drawn through fixed 
points which repre- 
sent the intersec- 
tions of the meri- 
dians and the 
parallels. 

Computation of an 
Example , — map 
of Africa is to be 
made on the gno- 

Fig. 23. — Diagram illustrating Construction monic projection ; 
of Parallels on Equatorial Gnomonic. scale 1/250,000, 000. 

Meridians and parallels at 10° intervals. The central 




C 









A 


B 

j 


meridian is 15' 


E. longitude. 
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The meridians to be shown are : west longitude, 
25°, 15°, 5° ; east longitude, 5 °, ,15°, 25°, 35°, 45°, 55°. 
The parallels, both north and south, are : 0°, 10°, 20°, 
30°, 40° 

The divisions along the central meridian and the 
Equator will be 

R tan 10° = 0-1763 inches. 

R tan 20° = 0-3640 ,, 

R tan 30° = 0-5774 » 

R tan 40° = 0-8391 „ 

The divisions along the other meridians for spacing 
the parallels will be ; 


5® E. and 35® E. 


R sec 10® tan io‘ 
= 0*1790 
R sec 10® tan 20' 
= 0*3696 
R sec 10® tan 30' 
= 0-5863 
R sec 10® tan 40' 
= 0-8519 


5® W. and 35® E. 


R sec 20® tan 10® 
= 0*1876 
R sec 20® tan 2o‘ 

= 0-3874 

R sec 20® tan 30' 
= 0*6144 
R sec 20® tan 40* 
== 0-8930 


15® W. and 45 ®E* 


R sec 30® tan 10' 
— 0*2036 
R sec 30® tan 20* 
= 0*4204 
R sec 30® tan 30' 
=0*6667 
R sec 30® tan 40' 
= 0-9690 


35® W. and 55® E. 


R sec 40® tan 10* 
= 0*2301 
R sec 40® tan 20* 
= 0*4751 
R sec 40® tan 30' 
= 0*7537 
R sec 40® tan 40* 
= 1*0954 


fo Plot , — ^Draw two lines at right angles to one 
another to represent the Equator and the central meri- 
dian. Then mark off tangents along these two lines, 
and draw the meridians as straight lines through these 
divisions along the Equator. Then mark off on each 
meridian the distances in the above table, and complete 
the graticule by drawing in the other parallels through 
corresponding points. 

(It is well to remember that divisions east and west of 
the cerxtral meridian and north and south of the Equator 
are similar.) 

Finally, the outline of the map is drawn in. 
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Frc. 24.— Africa on a Gnomonic Projection. 

[1/125,000,000.] 

PART 3. THE STEREOGRAPHIC PROJECTION 
This is another of the perspective zenithal projections. 
The parallels and the meridians are projected from a 
point at one end of a diameter on to a plane tangent at 
the other. In itself the projection is not of very much 
use, but it is most useful in certain transformation 
processes, which are described later. 

39 



STUDY OF MAP PROJECTIONS 

It can be used for maps of the World in hemispheres 
and also for separate continents and countries. However, 
its property of orthomorphism and the ease of its con- 
struction can hardly be said to be sufficiently favourable 
advantages to make it a common projection in atlases. 

As in the case of the gnomonic, it can be constructed 
on a plane which may be tangent to the globe at any 
point. 

Polar Case and Equatorial Case 
Graphical Construction of the Stereographic 

This projection is constructed very simply by purely 



graphical means. In fig. 2 5 the radii to draw the parallels 
may be found by measurement from B along XY. Thus 
BD' is the radius required to draw the parallel of latitude 
D. By setting off from O the required angles and 
marking the point where these angles cut the bound- 
ing meridian, and then from C drawing lines such 
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CDD', the required radii are found. The meridians 
are constructed as in the gnbmonic polar case. 

In the case of the equatorial stereographic the divisions 
between the parallels on the central meridian and 
between the meridians on the Equator are similar. In 
each case they are found just as in the polar map. All 
other parallels and meridians are arcs of circles and are 
constructed as on page 43. 

The Polar Case 
Trigonometncal Construction 

Let XY be the plane touching the globe at B, which 
is the North Pole (fig. 25). A is any point on the meridian 
BAC whose co-latitude or angular distance from the 
Pole is the angle AOB or x* 

By simple geometry the angle AOB = 2 x angle ACB. 

* BO = R, the radius of the Earth. 

Then A'B = 2R tan angle ACB or 2R tan fx- 
Similarly any other point such as D' can be found. 

To construct the projection, describe circles with 
radii BD', BA', etc., and space the meridians by means 
of a protractor (fig. 26). 

The distance between the parallels evidently increases 
somewhat rapidly away from the centre of the map. 
The Equator will obviously be at a distance from the 
Pole of 2R tan 45*^, which is twice the radius of the 
globe. 

The Equatorial Case 
Trigonometrical Construction 
Suppose a map be made in which the point where 
the Greenwich meridian cuts the Equator be taken as 
centre. For the same reason as in the polar map, the 
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distances apart of the meridians along the Equator and 
of the parallels along the central meridian will vary as 
the tangents of half the angles of longitude or latitude as 
the case may be. ’ 

To construct the projection, draw two axes at right 


180 * 



Fig. 26.-StereograpMc Map of the Northern Hemisphere. 
[ c - 1/260,000,000.] 


central mendian. Mark off along eack the ooiMs 

P y. Having found the position of the Pole, 
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describe a circle. This will be the bounding meridian 
of the map, which will show a complete hemisphere. 
Then place a protractor* at the centre of the map and 
mark off the required angles, and note where these cut 
the bounding meridian. Then, to draw the other 
parallels, all that is necessary is to pass a circle through 
the two points on the bounding meridian and the 
corresponding point on the central meridian. Similarly, 
the meridians are 
constructed by pass- 
ing circles through 
the Poles and the 
corresponding 
points on the Equa- 
tor. This may be 
done geometrically 
by bisecting the £ 
chords ^ of any lati- 
tude and finding the 
centre of the circle 
in the ordinary way. 

This method re- 
quires careful draw- a/— Construction of Parallels on the 

Equatorial Stereographic. 

However, to find the centres of these circles by graphical 
means only is an awkward process, and they are easily 
found trigonometrically.® 

^ The chords referred to are those formed hy joining the two points on 
the bounding meridian to the corresponding point on the central meridian. 

2 The graphical construction mentioned on page 41 is the same as 
described in the above paragraphs, except that the position of the Poles, 
and therefore the insertion of the bounding meridian, is found by drawing 
instead of trigonometrically. The other parallels and meridians are 
put in in exactly the same way. 
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In fig. 27, B is in 50° N. lat., and on the projection 
50° N. is represented by the arc BC with centre at A. 
But BA = R cot 50°, and AO = R cosec 50°. That 
is to say, the required radius is R times the cotangent 

of the latitude, 
and the dis- 
tance of the 
centre of the 
arc from 0, the 
centre of the 
map, is R times 
the cosecant of 
the latitude. 

In fig. 28 let 
Vbe supposed 
to be 20° W. 

■ S long. The 

Fig. 28.— Construction of Meridians on the centre of the 

Equatorial StereograpHc. • ^ , 

^ ^ ^ circle required 

to draw the arc NVS is F. Let KS be tangent to the 

meridian NVS at S, then the angle KSO is equal to the 

angle VSO (= 20°), angles being represented correctly. 

FS is the required radius, and in terms of the radius of the 

Earth and the longitude it is R times cosecant of the angle 

OFS, and OFS and KSO are equal angles. The distance 

from the centre, O, is OF, which is R times the cotangent 

of the angle OFS, or, in other words, R cot longitude.^ 

‘ In figs. 27 and 28 the plane of projection is taken as the meridional 
plane through the centre, and at right angles to a line joining the centre 
of the globe to the source of light. This plane is parallel to the tangent 
plane indicated in fig. 25. The bounding meridian of the map is, there- 
fore, constructed with radius R tan 45", and not 2R tan 45°. This is 
merely a point of mathematical detail and does not affect the study and 
use of the projection, or even its construction. 
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PART 4. THE ORTHOGRAPHIC PROJECTION 

This is the case in which the light, or the point of 
projection, is at infinity. The rays of light are thus 
parallel. It is- of little use from the geographer’s point 
of view, but is of interest to the astronomer, because 
orthographic “ maps ” of the Moon and other heavenly 
bodies are “ seen ” 
every time he looks 
at such bodies. 

Polar Case 
Graphical Con- 
struction 

The polar grati- 
cule is easy to 
make. In fig. 29 
let ENQS be a 
circle representing 
the globe to scale. 

EQ is the Equator, 

N the North Pole. 

E'NQ' is a plane 
tangent at the 
North Pole. A, 

B, C are points on 
the surface of the 
Earth at 20°, 40°, and 60° respectively from N. From 
A, B, C, etc., draw lines parallel to NS and produce 
them until they meet the plane in A', B', C', etc. 
These points are then the projections of A, B, C, etc. 

With centre N draw circles with radii NA', NB', NC', 
etc., to represent the parallels of latitude, and ivith a 
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Fig. 29. — Graphical Means of Constructing 
the Polar Orthographic. 
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protractor space out the meridians. The projection is 
then completed. 

Trigonometrical Construction 
In fig. 30 E'Q' is again the plane tangent at N. ON, 
OB, OC are radii. B' and C' are the projections of 
B and C. The problem is to find the radii to draw the 
parallels. 

Draw BX and CY parallel to OQ, Then BX = BO 



sin angle BOX ; and CY = CO sin angle COY. But 
XB = NB', and YC = NC'. 

Thus the radii required to draw the parallels are the 
sines of the co-latitudes (i.e. the angle between the pole 
and the parallel in question). Or — ^in terms of the lati- 
tude— the radii are the cosines of the latitude, because 
the angle XBO = the angle BOQ, and the angle 
YCO = the angle COQ, and so on. The meridians 
are constructed as in the graphical method. 

All, then, that is required to make an orthographic 
Polar projection is a table of sines or cosines. 
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As an example we will compute the figures for a map 
of the Polar Regions on a scale of 1/50,000,000. 

Clearly R, the radius of the globe on this scale, is 5 
inches. Thus the radii are : 

For 90° = 5 sin 0° or 5 cos 90° = o*oooo 

„ 80° = 5 „ 10° or 5 „ 80° = o*868o 

70° =5 .. 20" or 5 „ 7o°=i7ioo 

„ 60^"=: 5 „ 30° or 5 „ 60^= 2*5000 

5. 50^=5 40" or 5 „ 50^=3*2140 

and so on. 

The Equatorial Case 
Graphical Construction 

The equatorial map is not quite so easy to make 
graphically. The 
difficulty lies in ob- 
taining the meri- 
dian curves. The 
spaces between the 
parallels on the 
central meridian 
and between the ^ 
meridians on the 
Equator are the 
same. This can be 
shown as in fig. 31. 

Suppose we con- 
sider a section 
through the centre Fig. 31.'— The Spacing of the Parallels and 
of the Earth and on the Equatorial Orthographic. 

the point of contact with the plane. 

This plane may be taken in turn to be the equatorial 
plane and the plane of the central meridian. 
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In the first case the Equator projects into E'Q' and 
A'B' represents one of the divisions of the Equator by 
the meridians. In the second case E'Q' represents the 
central meridian and A'B' one of the divisions of the 
central meridian by the parallels of latitude. 

But the other lines of latitude are shorter than the 
Equator, and, therefore, the meridian spacing is smaller. 
If reference is made to fig. 31, it ■will be- seen that the 
length of a line of latitude. A, on the map is MA ; simi- 
larly KB is the length of parallel B. By careful drawing 
these lines may be measured with fair accuracy, and 
thus the proportion that they bear to the Equator can 
be found. Now, the divisions along the Equator are 
known, and having obtained the length of any other 
parallel, and knowing the divisions (also found by 
measurement) of any part of the Equator, we can find 
the corresponding divisions on any other parallel. 

Consider an example : A map is to be made on a 
scale of 1/125,000,000, every 15th degree of latitude 
and of longitude to be shown. 

Make a circle to scale to represent the Earth 

(R = 2 inches). By similarity of divisions on the Equator 

and on the central meridian, the spaces OA and 

OA', AB and A'B', and so on, are equal (fig. 32). 

Now, OE = OE' = 2 inches. By measurement 

AL = 1-94 and OA' = 0*52 inches. Thus the 

corresponding division (AA") on AL is found from 

, . AA" AL , , , „ OA' . AL 

the ratio whence AA = ~oF — ^ °’- 5 ° 

inches, a figure which is sufficiently accurate for the 
present purpose. In the same way any other point may 
be found. Finally, the meridians are drawn in as curves 
passing through corresponding points on each parallel. 
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They are, in fact, ellipses. (It is a point worth naemoris- 
ing that the parallel of 6o° N. or S. is just half as long as 
the Equator, and consequently divisions on it are half 
the length of those on the Equator.) 


E 



Fig. 52. — Meridians on the Equatorial Orthographic, 
[c, 1/130,000,000.] 


Trigonometrical Construction 

The trigonometrical construction of the equatorial 
orthographic projection is also rather more difficult 
than the polar case. Reference to fig. 31 will show 
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that the intervals between parallels and the Equator 
on the central meridian, and between meridians 
and the central meridian on the Equator respectively 
vary as the sines of the angles of latitude and 
longitude. Thus lat. 30° is distant from the Equator 
R sin 30°, measured along the central meridian, and 
similarly long. 30° E. or W. is R sin 30° distant from 
the central meridian measured along the Equator. The 

parallels are drawn 
as straight lines. 
The meridians are 
curves and are 
more difficult to 
obtain. In terms 
of the radius (R) 
the lengths of the 
parallels are 2R cos 
10°, 20° . . . 90°, 
where 10°, etc., is 
the interval of lati- 
tude. Divisions 
along the parallels 
are found as follows: 
Take as an example 
40° N. Its length is 2R cos 40° = 3-0640 inches, and 
half its length is 1-5320 inches. With this radius 
multiply the sine of the angles of longitude : 

Long.' 20° E = 1-5320 sin 20° = 0-5240 ; long. 50° E. 
= 1-5320 sin 50°, and so on. Divisions along any other 
parallel are found in the same manner (fig. 32). 

Instead of this method, ellipses may be drawn through 
the Poles and the points marked on the Equator, because 
the meridians are ellipses. 


180 * 



O 


Fig. 33. — Orthographic Map of the 
Northern Hemisphere. 

[1/250,000, 000.] 
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PART 5. THE RELATIONS BETWEEN THE GNOMONIC. 
STEREOGRAPHIC, AND ORTHOGRAPHIC PROJECTIONS 

fig- 35 O centre of the Earth and N 

the North Pole. P is any point on the surface of the 



Fig. 34. — Orthographic Map of the Indian Ocean. 
[c. 1/130,000,000.] 


Earth (in this case let it be 40° from the Pole). P^, 
P^ are its corresponding places on the plane of projection, 
XY, P^ being the gnomonic, P^ the stereographic, and 
P® the orthographic. 
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The true distance of P from N is the arc PN. 

In the above figure R = 2",^ and so arc PN == R X 40° 
(in radians) = [Or as 40° = | of circum- 

ference, arc PN = 

9 


On the gnomonic projection P^N = R tan 40*^ = 
T'*6782. 

On the stereographic projection P^N = 2R tan 20° = 
T'-456o. 



Fig. 35,— The Relations between the Polar Cases of the Gnomonic 
Stereographic, and Orthographic Projections. 


On the orthographic projection P^N = R sin 40° — 
T'-28 s6. 


Thus it is eas7 to find the error per cent, for each 
particular projection. In the gnomonic it is found 
thus : Find the difference between the true distance 
of P from N on the globe and the distance between 


them on the projection; i.e. i"-^g62~o"-282o 

rpi v . 0 * 282 X loo 

inen the error per cent, is — = 20*2%. 


^ In fig. 35 the scale is reduced by one-half. 
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The other cases are calculated similarly. 

It is important to notice, however, that this error 
increases with increase of distance from N in the case 
of the gnomonic and the stereographic. In the ortho- 
graphic the error also increases, but negatively. 

Similarly the percentage error along the parallels 
may be found. Let N^, M® N®, M® N® correspond 
to an arc of io° along a parallel of latitude P (P = So°). 
The true length of io° of arc along this parallel is 

27 tR cos i;o „ 

^3-^ = o -2244. 

On the gnomonic it is M®N® X io°(in radians) = o''.2928. 
Thus the difference is o"-2928 — o"*2244 = o"-o684, 

j T. • o"-o 684X IOO on/ , 

and the error per cent, is — — = 30*48%.® 

In the same way M®N® X 10° (in radians) and 
M®N® X 10° (in radians) will give the lengths of 10° of 
arc along the parallel of 50° on the stereographic and 
the orthographic projections respectively, and the error 
per cent, may be calculated as in the gnomonic. 


PART 6. THE ZENITHAL EQUIDISTANT AND ZENITHAL 
EQUAL-AREA PROJECTIONS 

These two projections are very useful and are fairly 
common in most atlases. They are well adapted for the 
Polar Regions, and graticules for these areas are very easy 


' Or: 

Length ot parallel on globe = 27rR cos 50°. 

„ „ projection = 27 tR cot 50°. 

/. Error = 277R cot 50® ~ 27rR cos 50° = 2"-4640. 
2-4640 X IOO 


And error % = 


30-48 %. 


27rR cos 50 

Similarly for any other (Polar) Zenithal Projection. 
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to make. The projections can also be made when a 
point on the Equator, or on some other parallel, is in the 
centre of the map. In these cases the parallels are no 
longer concentric circles, nor are the meridians straight 
lines. However, their more difficult construction is a 
small consideration in comparison with their great 
adaptability. Of the two, the equal-area is probably the 
more common, and in Diercke’s Schulatlas is used for 
most maps. The polar cases are considered here ; the 
equatorial and oblique cases will be found in Part II. 
It is hardly too much to say that the zenithal equal-area 
is suitable for all areas, though the comparatively long 
calculations and difficulty of drawing tend to limit its 
use to large continental or oceanic areas. 

The Zenithal Equidistant Projection 
Polar Case 

For polar areas this is a very common projection and 
is very easy to make. The Pole is taken as the centre 
of the map and the meridians are plotted as radii from 
this point. They are spaced at whatever angle is desired. 
The parallels are to be their true distances apart and 
are concentric circles. All that is necessary, then, is to 
find the interval at which the parallels are to be spaced. 
This is simple, because the intervals are to be the same 

x° 

on the projection as on the sphere, or zttR where 

x° is the required interval of latitude (fig. 36). 

Example . — ^A zenithal equidistant projection of the 
North Polar Areas. Scale 1/125,000,000. Latitude and 
longitude at ro° intervals. 

R, the radius of the sphere, on this scale is 2". 
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Plate I. —Comparison of Polar Zenithal Projections. 
[c. 1/195,000,000.] 

Top naiddle, Zenithal equal-area. 

„ left, Stereographic. 

„ right, Gnomonic. 

Bottom left, Orthographic. 

„ right, Zenithal equidistant. 
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The circumference of the sphere is 

277R = 2 X 3-1416 X 2 = I2"-s664. 

The distance apart of the parallels is 
2 ^R_ 2_X 3- 1416 X 2 ^ 

36 36 

In this map the distances from the North Pole to any 



Fig. 36. — Zenithal Equidistant Map of the Northern Hemisphere. 
[1/250,000,000.] 


point are correct ; furtlier, the bearing of any point 
from the Pole is also correct. The scale along the 
parallels is too great. Consider the length of lo^ of arc 
along the parallel of 70^ N. : on the sphere this arc 


= 0 .1193; 


the projection it 



EQUIDISTANT AND EQUAL-AREA 

will be o"*I2i8. This is found by multiplying the radial 
distance of the parallel from the pole by the angle (in 
radians), subtended at the pole, by the arc of the parallel. 
Thus the exaggeration is o"'i2i8 — o"-ii93 = o"'0025. 

A J *1, . • o"*0025 X 100 

And the error per cent, is = 2'i%. 

^ 0-1193 

However, for 30° or so from the Pole the projection is 
tolerably good. 

(The equatorial and oblique cases are more difficult 
and are explained elsewhere, page 1 58.) 


The Zenithal Equal-area Projection 
Polar Case 

As in the zenithal equidistant the meridians are straight 
lines radiating outwards from the Pole. The parallels 
are again concentric circles, but they are not a constant 
distance apart ; they become closer together away from 
the Pole. The area between any two parallels on the 
projection is made to equal the corresponding area on 
the globe. But the area of a zone is zwRZi, where 
f) = R — R sin lat, and the area of a circle is rfp. If 
we wish to find r, we must put these expressions in 
the form of an equation from which r may be found. 

Thus : -nP — ZTjRi) 

Whence r — V 2R^ 

But h = R — R sin lat. 

Therefore r = V 2R(R — R sin lat.). 

Given the latitude, r can be found and the projection 
constructed. 
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Example . — ^As in the case of the equidistant. Scale, 

I li2$poofioo. R = 2 ". 

Lat. 8o^ r = V4(2 — 1-9696) = o"-3488. 

70°, r == V4(2 — 1-8794) = o"-6946. 

60^, r = V 4(2 — 1-7320) = T'-o352. 

50°, r = V4(2 — 1*5320) = T'-368o. 

To construct the graticule, take a point N for the 
North Pole ; draw in meridians at angles of 10° 
(or whatever angle may be desired), and along one 
meridian mark off the intervals at which the parallels of 
latitude are to be spaced, and with centre N draw 
concentric circles through these points. By maintaining 
correct areas between the parallels, the meridian scale 
has been rendered incorrect. The actual distance apart 


X'' 


of the parallels on the sphere is zttR or in this 

particular example o"*3490. But on this projection the 
spacing of the parallels varies. Lat. 80® N. is o"-3488 
from the Pole ; lat. 70° is o"-3458 from 80° ; lat. 60° 
is o"*34o 6 from 70"^; lat. 50° is o"-3328 from 60°, and 
so on (fig. 37). 

Thus the meridian scale decreases outwards, the rate 

of decrease becoming more rapid with increasing distance 

from the Pole. On the other hand, the scale along the 

parallels does not increase so rapidly as in the case of the 

zenithal equidistant projection. It has been shown 

that the length of 10^ of arc along the parallel of 70° N. 

on that projection was o"*i2i8. On the zenithal equal- 

area the length of the corresponding arc is 

But the true length of this arc on the sphere is 

27 tR cos lat. . 

- or 0*1193. 1 hus the exaggeration on 


36 

the zenithal equal-area is o"'i2ii 
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The percentage error is ° ~ ^*5 %• 

Azimuths from the centre of the map are true. 

(The equatorial and oblique cases are considered 
elsewhere, page 158.) 

The construction of the projection may be approached 
in another way. In fig. 38 let A be a point on latitude 


90*w 


«• 

Fig. 37.— Zenithal Equal-Area Map of the Northern Hemisphere. 

[1 /2so,ooo,ooo.] 

<l>. PA is a chord, P being the pole. Join AO and AS. 
Then PAS is a right angle (angle in a semi-circle). The 
angle AOP — x — twice the angle ASP. 

Hence AP = PS sin ^ x- 

= 2R sin -I X • • • • (^) 

We will now show that AP = V 2R(R — R sin <f>) — r. 

59 



STUDY OF MAP PROJECTIONS 

In fig. 38 AP^ = AM^ + 

But AM = R cos <j>, and PM = R — R sin 1^. 
Therefore AP = VR^ cos* ^ + (R — R sin ^)*. 

= t/R^ (cos* ^ + sin* <f>) + R* — 2R* sin <f>. 
= V 2R* — 2R* sin 4 >- 
= 'v/ 2R(R — R sin <;i) . . . (2) 

But from (i) AP = 2R sin | x* 

Therefore, V 2R(R — R sin (f>) = 2R sin f x- 
In other words, the radii required to construct the 

parallels of latitude on 
the projection are 
found hy multiplying 
twice the radius by the 
sine of half the angle 
of co-latitude. 


Graphical Construction 
for Polar Case 

We have now ob- 
tained a direct and 
very easy means of 
constructing graphi- 
cally the polar grati- 
cule. 

Make a circle to scale and from its centre lay off 
radii such as OA (fig. 38) for as many degrees of latitude 
as are required on the projection. Then PA, PQ, etc., 
the chords subtending the angles of co-latitude, are the 
required radii. The graticule is completed by spacing 
the meridians with a protractor as in the polar cases of 
the stereographic and other zenithal projections. 



S 


Fig, 38. — Construction of tlie Polar 
Zenithal Equal- Area Projection. 
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CHAPTER VI 

THE GLOBULAR PROJECTION 

This projection has no particular merits, but has been 
much used in atlases and for large-scale maps of the 
World in hemispheres. It is very easy to make. Describe 
a circle to scale to represent one hemisphere. Divide 
the equatorial diameter and the central meridian into 
eighteen equal parts, or whatever number may be 
required. Set off from the centre angles of io° (or 
whatever angle may be required) and note where these 
cut the circumference. Then draw circles through the 
Poles and the divisions on the Equator to represent the 
meridians. The parallels are constructed by passing 
circles through points on the circumference and the 
corresponding points on the central meridian. It has 
been assumed so far that the radius of the circle repre- 
senting the hemisphere and the radius of the sphere 
were the same. However, the circle can be made equal 
to the hemisphere in area, reduction being made for 
scale : wr® = 

Thus r = '\/2R. Otherwise the construction is the 
same. 

At the Equator the length of a degree of longitude is 
the same as that of a degree of latitude measured along 
a meridian : 277R/360. On the projection it will be 
2r/i8o in the first case (where r= R), and in the second 
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case Talcing R= lo", we have 27)-R/36o = o"-i745; 

loO 

^ „ n ^ ZV 2R „ 

2R/180 = 0 -nil and - - = o -1571. 


Thus if we assume the area enclosed by one degree of 



Fig. 39.— The Americas on a Globular Projection. 
\ c . 1/129,000,000.] 


latitude and longitude at the Equator and on the globe 
is a rectangle, its area is o"-i7452 ; on the projection it 
is o"t 57U. In other words, the area of the central parts 
of the map are only about 5/6ths of their true area on 
the globe. 
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But as the area of the circle has been made equal to 
that of the hemisphere^ the outer parts must be increased 
in size to make up for the loss in area at the centre. 
Consider an area on the Equator but at 90° from the 
central meridian. On the globe this area is the same as 
one of the same size at any other part of the Equator. 
On the projection this is not the case. The length of 
I degree of latitude has been increased at the edge of 
the map. The length of the bounding circle is 27 r^/ 2 R^ 
and if R= lo", the circumference of this circle is 88"*844 
long ; I degree of arc thus measures 88''*844/3fo 
or o"-247. But, hy construction, the degree of longi- 
tude remains the same. If we assume that the space 
enclosed between a parallel of latitude and a meridian 
of longitude on the projection is a rectangle, its area 
will be 0-247 X 0-1571, or 0-0388 square inches. The 
area of the same space on the globe is 0*0305 square 
inches. Thus the area on the projection has been 
increased about 1*27 times. 

[The earliest “ Globular ” projection appears to have been made by 
Father G. Fournier, S.J., in 1645. The construction of the parallels 
was the same as that given above : the meridians were ellipses passing 
through the Poles and equal divisions along the Equator. J. B. Nicolosi, 
in 1660, simplified Fournier’s construction by making his meridians arcs 
of circles, and in 1793 this network was reintroduced by A. Arrowsmith 
as the Globular Projection (see G. T. McCaw, Internat, Geog. Congr., 
Cambridge, 1928, page 1 1 3).] 
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DEVELOPABLE SURFACES : THE CONSTANT OF THE CONE 
STANDARD PARALLEL 

Only two so-called developable surfaces need concern 
ns here — ^the cylinder and the cone. A cylinder can be 
made by rolling a sheet of paper into a tube-form ; it 

can then be un- 
rolled or developed. 
Similarly a cone 
q' can be made with a 
piece of paper and 
then developed. 

If a cylinder be 
wrapped round a 
Q globe so as to touch 
it along the Equa- 
tor, it is easy to 
imagine points and 
forms on the Earth’s 
surface thrown on 
to the cylinder by 
pi means of a light 
supposed to be at 

Fig. 10.— A “Natural” CylindricalProiection. , c i 

^ the centre of the 

globe. If these forms be pencilled in and then the 
cylinder unwound, we shall have a cylindrical representa- 
tion of the Earth. In this case, however, with a light 
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at the centre of the globe and its rays shining as radii, 
we should require a very long cylinder to catch ’’ the 
rays, and even then the poles would be left out. This 
can be seen to be the case by reference to fig. 40, where 
AT'C'D' are the shadows or projections of ABCD as 
seen from O. N and S can never be projected on the 
cylinder, because the rays ON and OS are parallel to its 
surface. On the other hand, EQ — ^the Equator — will be 
of the same length, and therefore scale, on the projection 
as on the globe. This will be the 
only line correct to scale. Such a 
projection as this would be a natural 

shadow ’’ map of the earth on a 
cylinder, but it would be of little 
use. However, instead of project- 
ing quite so simply, it is easy to 
modify the methods and thus pro- 
duce useful cylindrical maps. 

Similarly a cone placed over the 
globe can be unwrapped ^ ; we 
shall then have a sector of a circle. Fig.^ 41. Diagram 

In fig. 41 PAB is a cone touching V^r 

the globe along the line AVWB. If ''''' ''' "" ^ 
the apex of the cone be on the prolongation of the 
axis of the globe, then AB is a parallel of latitude. 
Suppose NVS and NWS are any two meridians on 
the glebe, making an angle VNW at the North Pole. 

' If, again, we imagine a light at the centre of the globe, the meridians 
and parallels will be projected in a manner similar to that just described 
in the cylindrical case. But here again a simple perspective projection 
would be of little use, because, as shown in the diagram (fig. 43), the 
spacing of the parallels away from the parallel along which the cone 
touches the globe increases too rapidly. The meridians, however, would 
be correctly spaced along the tangent parallel. 
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THs angle on the globe corresponds to the angle 


.P 



Fig. 42.— Diagram illustrating the Constant 
of a Cone. 


VPW on the cone. 

If we develop 
the cone PAB, we 
have a sector of a 
circle, PA'B' (fig. 
42), in which the 
curve A'V'W'B' is 
of the same length 
as the parallel 
AVWB on the 
globe, and PA' is 
equal to PA. 

At the North 


Pole of the globe, the point of intersection of all meri- 


dians, there are 
four right angles. 
But in the sector 
A'PB' these four 
right angles are 
represented by the 
angle A'PB'. 
Similarly the angle 
VNW— an angle 
between any two 
meridians on the 
globe — is repre- 
sented by the 
angle V'PW'. 

As the four 
right angles at 
the pole are now 



reduced” to Fic. 43.— A “ Natural ” Conical Projection. 
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the angle ATB', it follows that on the sector (i.e. 
the projection) the meridians are no longer at their 
true angular distance apart, this distance having been 
reduced. But all the angles made hy the meridians 
at the poles have been reduced similarly, so that the 
angle VTW' bears the same proportion to the angle 
VNW as the whole angle ATB' does to four right angles. 

It is this proportion we imply in speaking of the 
constant of the cone, and so we can define the constant 
of the cone as the ratio that the whole angle of the 
cone, when develo^ed^ bears to four right angles. 

Let us consider the constant of the cone in rather 
more detail. We can find its value quite simply in any 
particular case if we know two things : 

(1) The length of the circle along which the cone 
touches the globe, and 

(2) The slant length of the cone. 

We have, then, a simple case of circular measure, for 
if we call the length of the base of the cone when developed 

X, and the slant length, of the cone I, we have ^ = p 

where 6 is the angle at the apex of the cone when de- 
veloped (the angle ATB' in fig. 42). 

The cone can be made to “ open ” or “ close ” : if 
we open it so as to make the apical angle, when developed, 
bigger and bigger, this angle will eventually become 
equal to 360 degrees because the cone has “ opened 
out ” into a plane. We have obtained one of the 
limiting cases — the cone has disappeared and we have 
a plane instead. In doing this it will be noticed that 
the cone has,^ as it were, moved northwards, until finally, 
when it became tangent to the North Pole, it ceased 
1 I.e. the circle of contact has moved northwards. 
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to be a cone but became a plane. In fact, the greater 
♦ the apical angle becomes, the higher the latitude to 
which the cone is tangent (see fig. 44). 

Converse^, if we close the cone it becomes tangent 
to lower and lower parallels, until, finally, when the 
Equator is reached, the cone again disappears and this 
time passes into a cylinder — ^the second limiting case. 

When the cone was opened out so that it passed into 

a plane, the apical 
angle when de- 
veloped became 
360 degrees ; the 
meridians on this 
plane would be 
spaced at their 
proper angular 
distances apart as 
on any of the zeni- 
thal projections. 
In other words, 
the ratio of the 
apical angle to 
360 degrees is, in 

Fig, 44.-Plane, Cone, and Cylinder. 

ratio of I to I. 

But as we closed the cone the angle became smaller, 
until finalty in the other limiting case it disappeared, 
or became o degrees. The ratio of o degrees to 360 
degrees is as the ratio of 0 to I. Thus we can say that the 
value of the constant of the cone varies between o and i . 

Now let us examine the circle along which the cone 
touches the globe. Obviously a cone can touch a globe 
along any small circle, but it will be convenient if such 
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a circle is a parallel of latitude. If this be the case, as 
in the Simple Conical Projection with one Standard 
Parallel, the pole of the cone wilMie on the prolonga- 
tion of the Earth’s axis. 

When the cone is developed, the arc of the sector 
will be the same length as the parallel to which it was 
tangent on the globe. 

In other words, the 
scale of the arc on 
the sector, or projec- 
tion, and the scale of 
the parallel on the 
globe are the same. 

Such a parallel is in 
the case of the Simple 
Conical Pro j ect ion 
with .one Standard 
Parallel called a 
Standard Parallel. 

It is not easy to 
give a simple defini- 
tion of a standard 
parallel applicable to 

all cases. However, 

£ -L • Tig. 41;. — A True Secant Conic Projection, 

for the time being •’ 

we will call all parallels in conical projections which 
are true to scale Standard Parallels. This defini- 
tion is, perhaps, too comprehensive, because the one 
criterion here considered is that the parallel must be 
true to scale, the question of the actual method by 
which it is constructed not being taken into account 
at all. The interdependence of these criteria is shown 
in the account of Bonne’s Projection. 
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But the student must not imagine that all standard 
parallels are parallels along which a cone is tangent to 
the sphere. If we have two standard parallels, it is 
manifestly impossible for the cone to be tangent to the 
sphere along both of them. The cone OCD in fig. 45 
cuts the sphere along AB and CD, and we could make 
a projection on this cone. In actual fact such a projec- 
tion would be a true Secant Conic Projection — not the 
Conic with two Standard Parallels (see page 78). How- 
ever, this Secant Conic is never used. We may, never- 
theless, make two standard parallels correct to scale and 
at the same time maintain an ordinary cone, although 
not a cone which is to be regarded as in any way touching 
or cutting the globe, but one that is entirely independent 
of it. 
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CHAPTER VIII 

PART I. CONICAL PROJECTIONS 

This group includes a large number of projections, 
several of which are in common use in atlases. The 
modifications which map be ma4e are similar to those 
which are made in the cases of the zenithals and the 
cylindrical. There are both equal-area conicals and 
orthomorphic conicals as well as simple forms. All of 
them are very easy to draw, and, as a class, they are 
suited to maps of countries in temperate latitudes which 
have not too great an extent in latitude. 

THE SIMPLE CONIC PROJECTION WITH ONE STANDARD 

PARALLEL 

As already explained, if a cone be placed over a sphere, 
it will touch it along one line. In the simple conic the 
pole of the cone is vertically above the pole of the globe 
and thus the two coincide (i.e. the globe and the cone) 
along a parallel of latitude. This is the standard parallel, 
and is divided truly. A central meridian is drawn to 
represent the meridian which actually runs through the 
centre of the country to be mapped. The parallels are 
spaced along it at their true distances apart, reduction 
being made for scale. 

The standard parallel is first chosen. This parallel is 
made true to scale. In fig. 46 let A be a point on the 
sphere of latitude (f>. Its co-latitude is the angle AON 
or X‘ The radius required to draw the standard parallel 
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on the projection is AP, and in terms of the radius of 

the globe and the latitude, AP = R cot <}>, because the 

angle APO = the angle AOE. The actual radius of the 

parallel of latitude on the sphere is AB, and AB = R cos 

because the angle OAB = the angle AOE. 

Thus the length of the parallel of which AB is the 

radius is zttR cos Any part of its length may be 

- 1 Of 2fl-R cos 6 

found, e.g. i of arc — 

a'jrR cos 4 > 


360 


or 10° of arc 


36 


and so on. 


The constant of the cone is the proportion which the 

angle at the apex of 
the cone, when de- 
veloped, bears to 
360°, It is easy to 
show that the value 
of the constant is 
equal to the sine of 
the latitude of the 
standard parallel. 

In fig. 46 
PA = R cot 
AB = R cos <l>. 
.•.length of parallel 
of which AB is 
radius = 27 rR cos <j>, 
and the length of 
the circle of which 



Fig. 46. — The Simple Trigonometry of 
the Simple Conic Projection. 


PA is radius = arrR cot <f>. 
Hence, n, the constant of the cone : 


zttR cos <f> 
2trR cot 
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In rig. 46 let K represent the position of any other 
parallel on the projection of latitude Its radius — on 
the projection — is PK. Its length on the projection is 
therefore zttPK times the constant of the cone. But 
the true length of such a parallel on the sphere is z-n-R 
cos Thus bp finding the difference between the 
length on the projection and the length on the sphere 
the exaggeration is known, and the error per .cent, can 
at once be obtained bp multipiping the exaggeration, or 
difference, bp 100 and dividing it bp the true length of 
the parallel on the sphere. 

For example : Length of parallel on the projection is 
zPKtt times the constant of the cone : the actual length 
is zttR cos the difference is zPKn- X constant — 
zttR cos The error per cent. d x ioo/zttR cos 
where d is the difference. 

At present the length PK is not known, but if, as in 
the simple conic, divisions from A along PA are made 
at the actual distances apart of the parallels on the globe, 
AK will be equal to R times the difference of latitude 
of A and K expressed in circular measure. In other 
words, if the parallels are 10° apart, AK 27rR/36 and 
PK = PA + AK. 

In all true conical projections the meridians are 
straight lines and the parallels arcs of circles. 

Simple Conic : Approximate Graphical Construction 

Describe a circle representing the globe on the re- 
quired scale. Choose the standard parallel, which map 
be drawn in bp means of a protractor. Draw also the 
Equator and the polar axis, which latter should be 
produced. From the point where the radius of the 
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standard parallel cuts the circle draw a tangent, producing 
it to meet the polar axis in P (fig. 47). 

With radius PK describe the standard parallel. Then 
take any line (PM in fig. 48) as the central meridian. 
The parallels are spaced correctly— 277'R/3 60 units apart 
to 1°. From the point where the standard parallel 
and the central meridian intersect one another, mark 

off the required divi- 
sions upwards and 
downwards. 

To obtain the divi- 
sions on the standard 
parallel, construct as 
on the first diagram 
(fig. 47)' an angle of 
10° With radius XY, 
describe an arc with 
centre O. The divi- 
sions along the standard 
parallel are now given 
by the line MN, which 
is perpendicular to the 
Fig. 47.-GrapUcal Construction of polar axis and parallel 
tke Simple Conic Projection. to theEquator. Having 

marked off these divisions along the standard parallel, 
draw in the other meridians as straight lines, by joining 
these points to P. The other parallels are drawn as 
concentric circles with centre P and radii equal to PV, 
PW, and so on (fig. 48). 

[N.B. — ^The divisions along the central meridian are 
approximately equal to XY, and can be marked off accord- 
ingly, working outwards from M.] 

This approximate method is, as a matter of fact, 
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very nearly accurate. The error lies in assuming that the 
distance XY is a straight line rather than an arc of a 
circle. In small scales this matters little. In the same 
way MN is not really the true distance apart of the 
meridians on the standard parallel. However, if the 
spacing of the meridians and parallels were at i° rather 



Fig. 48.— The Development of the Simple Conic Projection. 

than at 10 °, the errors would be much reduced assuming 
accurate drawing, because the distance XY would thus, 
for all practical purposes, be the same for the arc as for 
the straight line. Similarly MN would be brought more 
nearly to exactitude. 

Trigonometrical Construction 
In fig. 49^ let ^ be the latitude of A. 

The radius required to draw the parallel A on the 
projection is AP. But AP = R cot 
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The actual length of lat. A is 27 rR cos If we 



Fig. 49^.*— Trigonometrical Construction of 
the Simple Conic Projection. 


require the meridians 
and parallels to be 
spaced at lo^, then 
an interval of lo^ 
along the standard 
parallel is found by 
dividing its total 
length by 36 ; 

27rR cos <}> 

Mark off these dis- 
tances along the 
standard parallel, 
commencing from A' 
and working out- 
wards. Join these 
points by straight 
lines to P'. To ob- 


tain the parallels, divide the central meridian P'A' 


correctly, i.e. 
27rR/36, and mark 
off these divisions, 
again working out- 
wards from A'. 
Then with centre 
P' describe arcs of 
circles passing 
through these 
points (fig. 49^). 

It will be 
noticed that the 
pole of the Earth 





Fig. 49^.— Trigonometrical Construction of the 
Simple Conic Projection. 
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does not coincide with P', because AP or AT' is longer 
than the arc AN ; in other words, the poles of the 
Earth and of the cone do not coincide. 

By construction the scale is correct on the standard 
parallel and along the central meridian, and, because 
the other meridians are radii of a series of concentric 
circles, the scale along them is correct also. The scale 
along the other parallels is too great. 

The projection is very simple to make and is much used 
for small countries which have no great extent in latitude. 
In atlases it is practically indistinguishable from the conic 
with two standard parallels; but as a general rule it may 
be assumed that, whereas small countries such as Ireland 
and Denmark are possibly shown on the simple conic, 
alarger areas, such as Russia, Scandinavia, or even Europe 
re portrayed on the conic with two standard parallels. 

Example . — Construction of a simple conic projection. 

A map of the British Isles : scale, i/r, 000,000. 

Standard parallel, 54° N. 

Central meridian, 4° W. 

Radius of the Earth assumed 250,000,000". 

Length of i ° of longitude on the standard parallel : 
a ^rR c os lat. \ _ 2 X 3 '141 6 X 250,000,000 x 0-5878 
360 ^ M “ 360 X 1,000,000 

= 2"-s6. 


Length of 1° of latitude on the central meridian : 


27 tR 1 2 X 3-1416 X 250,000,000 


= 4"-36(approxi- 


360 X 1,000,000 

mately). 

Radius required to draw the standard parallel on the 
projection : — {Fide Ch. IX.) 


R cot lat. X 


I _ 250,000,000 X 0-7265 
M ” 1,000,000 


i8i"-625. 


1,000,000 
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PART 2. THE CONICAL WITH TWO STANDARD PARALLELS 

la the case just described, only one parallel was made 
correct to scale. If, by slight modifications, we can have 
two parallels correct to scale as well as all the meridians, 
we have made a distinct advance, and have obtained a 
projection which is capable of very wide application. 

Any two parallels may be chosen as standards. Natur- 
ally they will vary according to the map. Their choice, 
however, depends on the most economic distribution of 
error for the whole map. For example, if we need a 
map of Europe on this projection, we should not choose 
the 70th and 35th parallels of N. lat., but more probably 
the doth and 40th of N. lat., because the continent is, 
as it were, more equally spaced about the two latter 
than the two former. Again, the more important parts 
of Europe lie within, or very near to, these two parallels, 
and, other things being equal, these parts will need to 
be more exactly represented. If, on the other hand, 
70° and 35° N. were chosen, the central parts of Europe 
would suffer most — clearly a disadvantage.*- 

This projection has often been called the Secant 
Conic. Such a term is very misleading. A secant of 
a circle is any straight line cutting the circumference 
at two points. If we were to make a true Secant Conic 
Projection we should, therefore, make the distance 
between the standard parallels equal to the secant 
distance between them. As it is, we make use of the 
arc distance, so that the parallels are the same distance 
apart on the projection as on the globe, reduction being 
made for scale (see fig. 45). 

* “ In general it will be found sufficient to take the standard parallels 
about one-seventh of the whole extent in latitude from the bounding 
parallels ” (Hinks). 


78 
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Approximate Construction of the Simple Conic with 
Two Standard Parallels 

As in the ordinary simple conic, the meridians are 
radii and the parallels concentric circles. The problem 
we have is to find the radii of the two standard 
parallels. Having done this, we may proceed in a 
somewhat similar manner as in the Simple Conic. 

First, draw any straight line, NM (fig. 50), and on 
it mark two points A and B. The distance AB is the 
correct distance apart of the two 
parallels chosen as standards, measured / ^ 

along the curve of the globe, = zir^d, / 

where d is the difference in latitude, / 

expressed as a fraction of the entire / 

circumference. From A and B draw / 

AA' and BB' perp. to NM. These A_ 

two lines are made equal to a given j 

length (say 10°) along the parallels A / 

and B. If A = 70°, and B = 30° N, B 

then AB = 5 A^(because 70° — 30° / 

= 40° = 1/9 of 360°), and j 

AA' = <^ 0 ^ 70° M 

36 Fig. 50. — Approximate 

J 2TrR COS 30 ° Construction of the 

and X)i) . Conic with Two 

3 ^ Standard Parallels. 

Join B'A' and produce it to meet 

MN in N. The radii for the two standard parallels 
are then NA and NB, and the other parallels are found 
by dividing AB into as many parts as required, and 
continuing these divisions outwards towards N and M. 

For example,, if vve, as assumed, make intervals of 
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Fig. 50. — Approximate 
Construction of the 
Conic with Two 
Standard Parallels. 
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latitude and longitude of io°, then we must divide AB 
into four equal parts. 

The meridians are then drawn in as in the simple 
conic with one standard parallel. 


Trigonometrical Construction 

In fig. 51 let AC represent the Earth’s axis prolonged, 

and let EB and DC be the actual radii of the parallels of 

latitude E and D respectively. Suppose 

ED to be the true distance apart of the 

two parallels (i.e. the arc distance here 

shown as a straight line). Join DE and 

produce it to A, then AE : AD :: EB : 

DC,orAE:ED::EB:DF. 

Then the radii AE and AD will be 

proportional to the cosines of latitudes 

E and D respectively. 

To construct the projection, draw a 

central meridian ; with radii AE and AD 

draw the standard parallels and divide 

^'u .1 / ZitR cos lat.N rr. 

them correctly j . To 

obtain the other parallels, divide ED 
correctly (i.e. if E = 70° and D = 40°, 
and the map is to show parallels at 
intervals of 10°, divide ED into three 
equal parts), and carry on these divisions 
above and below the standard parallels. Then draw con- 
centric circles through all these points with A as centre. 

By construction, the scale along all meridians is correct 
and also along two parallels. The latitude scale be- 
tween the standard parallels is too small, and outside 
them it is too great. Thus, it is by judicious choice 
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Construction of 
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of the standard parallels that the errors of scale of the 
whole map may be minimised. It is a very valuable 
projection; its greatest merit is that, combined with 
the advantages already noticed, it is very easy to draw. 
It should not be used for countries having too great an 
extent in latitude, but is suitable for any extent in 
longitude. In atlases it often figures in maps of Europe, 
Russia, Scandinavia, etc. Asia is too big for it. 

It is neither orthomorphic nor equal-area, but as the 
meridians and the parallels are at right angles to one 
another, it is more nearly orthomorphic than Bonne’s, 
and the fact that this latter is equal-area is often more 
than outweighed by other considerations. 


Calculation of an Example 

A map of part of the N. Atlantic on a scale of 
1 1 ^ 0 , 000 , 000 . Long, and lat. at intervals of lo°. Standard 
parallels, 40° N. and 70° N. Central meridian, 30° W. 
By formula (see fig. 51) AE : ED :: EB : DF. 

ED is the actual distance apart of the parallels, or 
2'r’R/l2. 

EB = R cos 70° = 5 X 0*3420 1*7100 inches. 

DF = DC — EB = R cos 40° — R cos 70° = 3*8300 


— 1*7100 = 2*1200 inches, 

AE = S:«!82ii7L= kches. 

2*12 

And DA = 2*112 H- 2*6 i 8 = 4*730 inches. 

Distance apart of the meridians on lat. 40° 

= R cos 40 X 2 ^. ^ 0.6685. 

36 

Distance apart of the parallels on the central meridian 
= = 0-8726. 
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The construction of this projection may be approached 
in rather a different way. 

Choose two parallels, and as standards. 

Our problem is to obtain their radii, SAj and SAg, on 
the frojection {iig. ^ik). 

The standard parallels are to be their true length — 
27 rR cos and ZttR cos 



Further, the parallels are to be correctly spaced on the 

27C R 

meridians, and thus A2Ai= X (^i — 

The sectors SA^Bi and SAgBj are exactly similar on 
the projection, 

SA2 : : AjBj ; AjBg 
^2 : : cos <f>i : cos 4 
SA2 cos (j>i 
cos 4 2 
82 


hence SA;^ 
but SAj 


SA2 

SAi 
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and SAj SAg — A^Ag — (^j ^2) 

Substituting for SA^ 


we 


have - SAg = ~ 

cos ^2 360 


, 


^ SAg (cos — cos 27 tR j ^ 

•• = 


and SAg = ^5 i 4 i - ^2) 


COS (^^2 


360"^ 1 2 

This gives us the radius of the parallel ^2* Since the 
parallels are to be spaced at their true distances apart, we 
can find the radius of any other parallel. 

Suppose the parallels are to be lo^ apart, then the radii 
of the parallels on either side of ^2 be : 

27 rR 


SA2 ± 


36' 


(On page 81 an example was worked out for the North 
Atlantic Ocean. 

Using this alternative method, the radius AE (page 81) 
would be given by the equation : 

c A 27 rR / , . COS (j >2 

SA. = ^ 


cos ^2) 

^ 2 X 3-1416 X 5 ^ o ^ _ 0 

560 ^ o -7 o 6 o — 0- 


360 

2X 3-1416X5 ^ 0-3420 
12 ^ 0-4240 

= 2-1 1 1 inches) 


3420 
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PART 3. THE POLYCONIC PROJECTION (A MODIFIED 
CONICAL PROJECTION) 

Here again the construction is, at root, the same as in 
Bonne’s and in the simple conic. However, the parallels 
are no longer concentric circles, each being constructed 
with its own particular centre and radius. The central 
meridian is divided as in the simple conic, the parallels as 
in Bonne. 


Graphical Construction 


Make a circle to scale to represent the globe (fig. 52). 

For as many degrees 



Fig. 52.— Graphical Construction of the 
Polpconic Projection. 


of latitude as neces- 
sary set off angles 
with a protractor. 
Then at A, B, C, and 
other such points 
draw tangents AA', 
BB', CC', etc. If 
the meridians and 
parallels are to be lo^ 
apart, set off an angle 
VOQ of 10°. With 
radius V Q describe an 
arc with centre O. 
Then draw perpendi- 
culars such as XY 
for each degree of 
latitude. 


To make the projection, draw any central line 
(fig. 53). Space it by means of dividers into intervals 
equal to VQ. To draw the parallels, first number the 
divisions on the perpendicular (i.e. the central meridian), 
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and then with radii AA', BB', CC', etc., describe arcs ^ 
passing through those points on the central meridian — 
i.e. if A = 40°, then AA' must be an arc passing through 
the 40° marie on the central meridian, and so on. The 
circles are not concentric. Then divide each parallel 
correctly by taking off with dividers the distance XY, 
etc., commencing from the central meridian and working 
outwards. Finally, join corre- 
sponding points on each parallel 
by curves which are the meri- 
dians. 

Trigonometrical Construc- 
tion 

In fig. 52 (page 84) the radii 
for the drawing of the parallels, 

A, B, C, are respectively AA', 

BB', CC' — in each case R times 
the cotangent of the latitude of 
A, B, and C. Divide, first, the Fig. 53.— The Development 
central meridian-a.rW (the 

scale being 1/250,000,000) marking off these divisions at 
their correct interval, not, however, commencing in any 
particular place. -Let a, b, c be these divisions on fig 53. 
Now through a, b, c draw circles with radii AA', BB', 
CC' respectively. It will be seen that the circles with 
greatest radius are those for lower latitudes. Then 

divide each parallel correctly — to 10°. The 

meridians are then drawn as in Bonne (q.v.). 

^ The centres of these arcs are on the central meridian or its prolonga- 
tion. 

* Required interval of latitude expressed as a fraction of the 
whole circumference of the globe. 

85 




STUDY OF MAP PROJECTIONS 

The scale is true along the central meridian and along 
all the parallels. But because these are no longer 
concentric circles, the equal-area property has disappeared 
(see page qi). The meridian scale increases rapidly 
away from the central meridian. It is even less ortho- 
morphic than Bonne on account of the rapidly increasing 
meridian scale. These two disadvantages render it 
useless for large areas on a single sheet. It is very useful 
for topographical maps, and a modified form is used for 
the One-in-a-Million Map. 

Corresponding meridians on either side of the central 
meridian are divided similarly, and because all parallels 
are true it follows that separate sheets of a topographical 
map fit exactly along their north and south edges and 
have a rolling fit along their east and west edges. 

“ Its value lies in the fact that a general table can be 
calculated for the polyconic which depends only on the 
values for the size and shape of the earth. For the 
radius of each parallel depends only on its latitude, and 
not in the least upon the position of the centre or the 
extent of the map ” (Hinks). 

Thus for topographical maps its main advantages are : 

1. By means of tables each sheet may be plotted 
independently. 

2. The practical fit of adjacent sheets. 

It is not possible to join a large number of sheets 
together to make a large map. 

PART. 4 BONNE’S (MODIFIED) CONICAL PROJECTION 

The general construction is very similar to that of 
the simple conic with one standard parallel. In Bonne 
all parallels are true to scale, and in this sense they are 
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all standard parallels. But in the simple conic and the 
polpconic the standard parallels are all constructed on a 
definite radius — R X cotangent of the latitude. This is 
not the case in Bonne, only one parallel being so con- 
structed, the others being drawn as concentric circles, 
with radii found by marking off divisions correct to 
scale on the central meridian. 

However, the curvature of aU the parallels depends 



Fig, 54* — Asia on a Bonne’s Projection with selected Standard Parallel 

8o^N. 


on that one selected for construction with a radius 
equal to the cotangent of the latitude. The importance 
of this can be appreciated best by consideration of an 
actual case. Suppose we were to map Asia on a Bonne’s 
projection. We have to choose one parallel which we 
are to construct vdth a radius of R times the cotangent of 
the latitude. Suppose we choose 8o° N. (fig. 54). The 
cotangent of 80° — on the adopted scale — ^will give us a 
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very short radius, and, as all the parallels in Bonne are 
concentric circles, they will all conform to the curvature 
of this selected parallel. If this parallel were 8o° N., 
the radii of all the parallels would he so short as badly 
to distort, or rather “ to compress,” the shape of the 
map. If, on the other hand, we selected 40° N. as 
standard (fig. 55), we should have a greater radius at the 



Fig. 55.— Asia on a Bonne’s Projection with selected Standard Parallel 

for 40° N. 


commencement, and, as all the other parallels would be 
conformable, the resulting map would be less “ cramped.” 

The two figures show graticules both on a scale of 
c. 1/160,000,000, the one being controlled by a selected 
parallel of 80° N., the other by 40° N. 

The parallel selected to govern the curvature of all 
the other parallels will vary in different cases. In general 
we may say that the nearer the main mass of a country 
is to the Equator, the lower the selected parallel ; and 
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conversely, the nearer a country is to the Poles, the 
liigher the parallel.^ 

Bonne’s projection is much used in atlases for maps 
of Europe, Asia, North America, South America, 
Australia, and other large areas. If such areas have not 
a great extent in latitude and longitude it is very suit- 
able ; but on account of the increasing obliquity of the 
meridians to the parallels towards the edges of the map, 
shape is much distorted. Thus it is that Asia is not so 
well shown on Bonne as on 
the zenithal equal-area. 

(Cf. figs. 54 and 55 and 
Plate VIII.). 

Graphical Construction 

In fig. 56 let NME 
represent a quadrant of 
the Earth to scale. If 
the meridians and parallels 
are to be 10° apart, lay 
off, as in the simple conic, 

OK, making an angle of 
10° with OE. With 
radius KE, describe the 
arc XLY. Having chosen the standard parallel for the 
map and having laid it off with a protractor, and as 
many other parallels as necessary, draw lines such as AL 
parallel to OE. Then with radius VM describe an arc ; 



Fig. 56.“ Graphical Construction of 
Bonne’s Projection. 


1 Tt will be seen later that in approaching the Equator we are nearing 
one of the limiting cases of Bonne— namely the Sinusoidal. On the 
other hand, in approaching polar areas we are passing toward Werner’s 
Projection— which is an ordinary Bonne with the Pole as the selected 
standard parallel. 
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divide this truly, working outwards from the central 
meridian. (In the figs. 56 and 57, 50° N. is the standard 
parallel.) Then divide the central meridian truly, 
working outwards fromM' (the divisions are equal to KE). 
Through all such points draw concentric circles, with 
the centre V'. Now divide each parallel truly, making 
use of such divisions as AL, etc. The meridians are 



Fig. 57. — Development of Bonne’s Projection, 


then drawn through similar points on each parallel 

(fig- 57)- 

Trigonometrical Construction 

Choose a parallel to give a curvature suitable to the 
country to be mapped ; and construct it with radius 
of R times the cotangent of the latitude. The central 
meridian is a straight line and is divided as in the simple 
conic ( 27 rR^).^ The other parallels are concentric with 

^ d— interval of latitude or longitude expressed as a fraction of the 
circumference of the globe. 
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the standard parallel and are passed through the points 
already obtained on the central meridian. Each parallel, 
including that selected to govern the curvature of all, 
is then treated as if it were a standard parallel and is 
divided correctly ( 27 tR cos lat. J) (see footnote, p. 90) ; 
the other meridians are obtained by passing smooth 
curves through corresponding points on the parallels. 

The projection is an equal-area projection. Consider 
a small part of it (fig. 58). The perpendicular distance 



between parallels is correct (they are concentric circles) 
and the parallels themselves are true to scale. In fact, 
the rectangle enclosed by any tw'o parallels and meridians 
on the globe has been made equal to a parallelogram on 
the projection which is on an equal base and of equal 
height to scale. 

Example . — Calculations required for a map of Asia, 
on a scale of 1/25,000,000 (R = 10"). 

Meridians and parallels at intervals of 10°. 
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Selected standard parallel = 45° N. lat. 

Radius of standard parallel on projection = R cot 45° 


Intervals of 10° of lat. on C.M. 
Intervals of 10° of lat. on S.P. 

Intervals of 10° on any other parallel 
e.g. 70° N. 

and so on. 


= 277R/36 
= i" 7453 - 

27rR COS 45° 

= ■ 3-5 

= i "-2330. 

27rR COS lat. 

27tR cos 70° 

“ ~ ¥> ’ 

= o"-5969, 
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CONSTRUCTION OF THE CONICAL PROJECTIONS BY MEANS 
OF RECTANGULAR CO-ORDINATES 

For maps on a large scale it is inconvenient, and often 
impossible, to draw the parallels directly, because their 
radii are so great. However, the co-ordinate method is 
not difficult and tables giving co-ordinates are available. 
The principle does not involve more than simple trigo- 



Fig. 59.—The Rectangular Co-ordinates of the Conic Projections. 

nometry ; but if tables are not at hand, it is tedious 
to work out the co-ordinates of all points. 

The central meridian is taken as one axis ; the other 
is a tangent to the parallel in question where it crosses 
the central meridian. In fig. 59 let P be the apex of 
the cone ; AA' part of the standard parallel of latitude 
PA (or PA') is the radius required to draw the standard 
parallel. PA is the central meridian. To plot the 
point A' we must know the lengths of BA' and CA' — 
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the X and y co-ordinates of the point respectively. The 
angle APA' must also be known. 

Having found these values, we can see that 
BA' = PA' sin 0 = r sin Q. 

PB = PA' cos d = r cos d. 

But AB = PA — PB = r — r cos 0. 


In other words, the co-ordinates of the point A' 
are, a; = r sin B. 

y — r — r cos B. 

The value of 6 is found as follows : 

Let AA' be an arc of io° of longitude along any 
2 vR cos <f> 


parallel, i.e. AA' = 


36 


Then 6 in circular measure: 


arc 


AA' 


PA 


277 R COS ^ 

36 

PA 


Calculation of an Example. — Simple conical projection 
on a scale ■ of 1/5,000,000 (R=5o"). 45° N. is the 
standard parallel. 

Then f = 50" cot 45° = 50 X fooo = 50'00o. 

, . , 27rR cos 45° 

AA = = 6-170. 

Then by circular measure 6 = = 0-1234 

radians, or 7° 3'. 

And X = r sin 0 = 50 X 0-1228 = 6"-i4 
y = r — r cos B = 50 — 50 X 0-9924 
= 50 — 49-62 = o"-38. 

The distances are all found in the same way, and all 
that is necessary is to find the value of B. For example, 
the co-ordinates of a point 10° E. of A', and on the 
same parallel, are found directly by doubling the value 
of 8. As all conical projections are symmetrical about 
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their central meridian, the corresponding points on the 
other side are plotted at once. 

To plot the other parallels, their radii on the projec- 
tion must first be found, and then the co-ordinates are 
calculated as before. For example: The radius of 6o° N. 
is (on the simple conical) R cot (lat. of the standard 
parallel) minus z-nKd, where d is the difference in latitude 



Fig. 6o. — The Construction of the Polyconic by means of Rectangulai 

Co-ordinates. 

between the standard parallel and the one in question, 
expressed as a fraction of the globe’s circumference. 
Having obtained the necessary points along two parallels, 
which are better if near the northern and southern borders 
of the map, the meridians may be drawn in as straight 
lines through corresponding points on each. 

This holds good for all the conics which have straight 
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meridians and parallels which are arcs of concentric 
circles. The parallels are drawm through points on the 
central meridian, which is divided truly, and similar 
points on the other meridians, because all meridians are 
clearly divided in the same manner. 

In Bonne’s projection, first plot the standard parallel 
as in the simple conic. The other parallels are also 
plotted as before ; in this case, however, every parallel 
must be plotted. Then each parallel is divided correctly, 
and finally curves are drawn through these points to 
represent the meridians. In the case of the polyconic 
rather more constructional work is necessary. As each 
parallel is plotted with its own particular radius, a 
different set of co-ordinates must be worked out for 
each parallel (fig. 6o). The meridians are plotted as 
in Bonne. 
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CHAPTER X 

PART I. CYLINDRICAL PROJECTIONS 

Projections on a circumscribed cylinder are very 
common in atlases. Most of these, however, are con- 
ventional or non-geometrical projections. If one were 
to make a perspective cylindrical projection, the exaggera- 
tion would be very great indeed— in fact, the same 
as in a gnomonic. This is readily seen in the diagram 
(fig. 40). The “ natural” projections of A, B, C . . • 
are A', B', C'. . . . It is clear that on such a projection 
the Poles cannot be shown. The scale is correct only 
on the Equator. 

The cylinder need not touch the Equator ; it may 
encircle the globe along any great circle. A transverse 
Mercator is constructed on this principle. However, 
directly some slight calculations are employed in the 
equatorial case, useful modifications can be made : if 
the area between any two lines of latitude is preserved 
correctly, we have the cylindrical equal-area ; if the 
exaggeration of the longitude scale is made to increase 
in the same proportion as the latitude scale, we have the 
Mercator or cylindrical orthomorphic projection. These 
are the two commonest types, but the simple cylindrical 
in which the true spacing of the parallels is maintained, 
and the “ carte parallelogrammatique ” in which the 
scale along two parallels is correct, have some slight theo- 
retical interest. They are, in fact, the equivalents of 
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the simple conic and the conic with two standard 
parallels. 

PART 2 . THE SIMPLE CYLINDRICAL PROJECTION 
OR PLATE CARREE 

This is the cylindrical projection which corresponds 
to the simple conic and the zenithal equidistant. The 
meridians in each case are divided as on the globe, so 
that the parallels are their correct distance apart. In 
the simple cylindrical all that is necessary is to find the 
length of a meridian, divide it correctly, and draw the 
Equator at right angles to it and, of course, twice its 
length. The other parallels are straight lines parallel 
to the Equator and of the same length as the Equator. 
The meridians are all straight lines perpendicular to the 
Equator and spaced along it at their proper intervals. 
Thus the graticule forms a series of squares. 

Computation of an Example. — K simple cylindrical 
map of the World on a scale of 1/125,000,000. Clearly 
R = 2", and 10° of latitude or of longitude are equal 

to ^ = o '''-349 (fig. 61). 

This projection is of very little use ; it is neither equal- 
area nor- orthomorphic. Further, the Poles are made 
the same size as the Equator, so that it has all the dis- 
advantages without any of the advantages of the other 
cylindrical projections. The scale is true along all the 
meridians and along the Equator. 

PART 3. THE CYLINDRICAL EQUAL-AREA PROJECTION 

In this projection, one of Lambert’s, the meridians 
and parallels are straight lines and perpendicular one to 
another. But the area between any two parallels is 
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made equal to the corresponding area on the globe. It 
has been shown that the area o£ a zone on the sphere is 
equal to 277 R^, where h is the vertical distance between 
the parallels limiting the zone. If (f> is the latitude of 
one of the limiting parallels of the zone and the Equator 
is the other, then A = R sin 4 >- 
The Equator is made its true length to scale, and is 
divided as in the simple cylindrical. The Poles are again 
the same length as the Equator. 

Computation of an Example. — K World map. Scale 



Fig. 62.— The Construction of the Cylindrical Equal-area Projection. 

ijz^opoopoo (R=i") (fig. 62). From the formula it 
can be seen that the spacing of the parallels is as the sines 
of the angles of latitude, i.e. ro° N. (or S.) is distant from 
the Equator Rsin 10°, or o"’iy^6,ht.20° = o"-342o, and 
so on. The intervals between the parallels thus decrease 
away from the Equator. As the true spacing of the 

parallels on the globe = it is clear that the meridian 

scale is considerably reduced, but this is compensated 
by the exaggeration of the scale along the parallels. Thus 



CYLINDRICAL PROJECTION 
oiilat. 40® N., 10° of longitude == 

whereas on the projection the distance is the same as 
on the Equator. 

In order, then, to preserve area the shape is greatly 
distorted, the compression in a north and south direction 
being balanced bj^ an east and west exaggeration. 

This projection is sometimes used for World maps 
to show distributions. It is not a very successful pro- 
jection. (See also page 198 for Oblique Case.) 

Graphical Construction 

The cylindrical equal-area can be constructed very 
easily by graphical means. Draw to scale a circle to 
represent the globe, and with a protractor lay off angles 
at the required intervals of latitude (fig. 62). 

Then through the points A, B, C, D, E, N draw lines 
parallel to the Equator. These are the parallels of 
latitude. 

The meridians are spaced at equal distances {irrRd) 
along the Equator as in the Plate Carree, where d is the 
interval of longitude expressed as a fraction of the 
circumference of the globe. 

PART 4. MERCATOR’S PROJECTION 

This is probably the best known of all projections, 
because it is used for navigation purposes and also in 
nearly all atlases for maps of the world, and for wall-maps. 
Although it has certain great merits, it is largely re- 
sponsible for many geographical misconceptions, e.g. 
the misleading appearance of the polar areas. These 
areas are greatly exaggerated when shown on this pro- 
jection : this great increase in north and south latitudes 
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apparently extends the size of the Antarctic continent 
enormously in comparison with equatorial regions. 
Another well-known example of this anomaly is the 
comparison of Greenland with South America. In actual 
fact, Greenland is about one-tenth the size of South 
America, but on the projection it. appears to be rather 
larger. 

Although Mercator is actually best suited for sailing 
purposes, the sailing routes themselves are not very 
easily plotted on it, and difficulties are likely to arise 
unless the user of the map fully understands its limita- 
tions. On the projection all parallels are of the same 
length as the Equator, and consequently the latitude 
scale increases with increasing distance from the Equator. 
In fact, a separate scale line is necessary for each parallel. 
On the other hand, owing to the convergence of the 
meridians on the globe at the Poles, the shortest distance 
between any two points due east and west of one another, 
and which are not on the Equator, is not along the 
parallel of latitude passing through them, it is to the 
north of that line in the northern hemisphere and to 
the south of it in the southern hemisphere. 

The mathematical proof of this is not easy, but a 
practical and equally convincing proof can be obtained 
very simply. Take a large globe and choose any two 
places approximately in the same latitude. Stretch a 
piece of india-rubber band between them along their 
common parallel. Then, keeping the two ends of the 
rubber firm, shift the free middle part until it is least 
stretched.^ It will be found that, if the observations 

^ A similar experiment may be made with string. Place a piece of 
string between two places approximately on the same parallel of latitude 
— e.g. San Francisco and Toldo— so that the string rests loosely along 
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are being made north of the Equator, the rubber is least 
stretched when moved northwards, and vice versa in 
the southern hemisphere. The same result will obtain 
even if the places are not in the same latitude. It will 
be found also that this shortest distance is an arc of a 
circle, and that if the circle were completed it would 
pass entirely round the globe — it would, in fact, be a 
great circle. We are thus led to the conclusion that 
the shortest distance between any two points on the 
Earth’s surface is along the (shorter arc of the) great 
circle passing through them. 

Unhappily, the great-circle course on a Mercator 
projection is seldom a straight line. No great circle 
on the globe, except the Equator or a meridian, will 
cut meridians or parallels at constant angles. It is 
this fact which renders the plotting of great circles on 
Mercator a rather awkward matter. 

Suppose we make a voyage from Southampton to 
Rio de Janeiro. Ignoring the land masses, we should 
find that, as a result of our experiments with india- 
rubber on a globe, our course ran very nearly through 
Madeira, the Cape Verdes, and Pernambuco. On the 
other hand, if we were to sail from Lisbon to New York, 
we should find that the shortest way was well to the 
north of the parallel of 40° N. latitude, which nearly 
passes through both places. 

It is now necessary to examine this shortest course 
on a Mercator map. Deferring the details of construc- 

the common parallel. Hold one end of the string firm and draw the 
string taut in such a way that it still passes through both places. The 
free middle part of the string will move northwards. The experiment 
should be made between places in the southern hemisphere, or between 
places north and south of the Equator. In each case the course on the 
globe marked out by the string, when drawn taut, is part of a great circle. 
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tion to a later paragraph, we may note here that 
meridians and parallels are straight lines at right angles 
to one another, and that while the meridians are equi-- 
distant, the parallels are spaced at intervals which 
increase away from the Equator. This spacing of the 
parallels is so arranged that at any point of intersection 
of parallel and meridian (in practice any small area) the 
scale in all directions is the same. In other words, the 
projection is orthomorphic. Hence, as the meridians 
and the parallels are straight lines at right angles, any 
straight line drawn in any direction on a Mercator 
chart crosses all parallels at a constant angle, and also 
all meridians at a constant angle. Such a line is called 
a rhumb line ” or a loxodrome.” But as meridians 
all run true north and south on a Mercator chart, it 
follows that a straight line crossing them must have a 
constant bearing.^ 

This is the great merit of Mercator and the reason 
why it is used for purposes of navigation. A sailor, if 
told to sail on a constant bearing, has but to plot this 
bearing on the chart and his course is found. Further, 
it is just as easy to sail along a series of such bearings, 
the angular points being defined by means of latitude 
and longitude. 

Now, it has been shown that the shortest distance 
between any two places on the globe is along the arc of 
the great circle passing through them. A little thought 
will show that to sail along a circular course other than 

^ A straight line drawn between two places on any other cylindrical 
projection cuts all meridians at the same angle, but it is not a loxodrome. 
It is due to the combination of equality of scale along parallel and meridian, 
and of meridians and parallels being at right angles to one another, 
which renders a straight line on a Mercator chart a line of true bearing. 
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the Equator or a meridian means that direction changes 
every moment — clearly a drawback in practical navigation. 
However, it is not difficult to combine great-circle prin- 
ciples with constant bearings or loxodromes. In theory 
a slight increase in distance must result, but not enough 
to make any serious difference. In Plate II let NY, 
BCDE, CT, be the great-circle course between NY and 
CT. If a series of chords be drawn, such as NY— B, B-C, 
C-D, D-E, we have four loxodromes, and the changes 
in the course may be made at B, C, D and E. It is 
obvious that the chord distance and the arc distance are 
not so divergent as to make the principle of no avail. 

In actual practice another point comes in. Most 
great-circle courses are not possible by sea alone. The 
course, as plotted, may cut across land and sea in 
an impossible fashion. Consequently each separate 

reach’’ by sea must be plotted independently, 
and the final course is a summation of the several 
parts. 

We are now in a position to compare the merits of 
a Mercator and of a gnomonic chart. On the former, 
straight lines are lines of constant bearing ; on the 
latter, their bearing is no longer constant, but they are 
actually the shortest distance between tw^o points. At 
first sight it may seem that the latter advantage is of 
greater weight, but the excessive exaggeration of a 
gnomonic projection minimises the value of this property. 
In point of fact, it will be shown later that the Poles 
cannot be represented on Mercator, but this matters less 
because, other things being equal, polar areas are not 
likely to form an important part ^of the chart, at any 
rate from the point of view of practical navigation. On 
the other hand, the exaggeration in a gnomonic chart 
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increases outwards in all directions, and at the same 
rate, from the centre of the map. 

Again, it is impossible to map even a complete hemi- 
sphere on a gnomonic chart, whereas the whole World, 
with the exception of very high latitudes, can be shown 
on a Mercator map. Certainly this difficulty may be 
overcome to some extent by developing the gnomonic 
map as on a circumscribed cube, but the calculations are 
long and it is not very convenient to have to plot sailing 
courses over different faces of the cube.^ In contrast 
to this, Mercator’s projection is extremely simple .to 
construct from tables — all that is necessary is to draw 
straight lines at their correct distances apart. Lastly, 
the fact that Mercator has come into such very wide 
use through navigation gives it an enormous pull over 
any other — it has had the momentum of a start.” 

Only the nature of the construction can be given here. 
The crux of the whole matter is so to space the parallels 
that at any point the scale is the same along meridian 
and parallel. Mercator is really one of the cylindrical 
projections and may be found under the name- of the 
cylindrical orthomorphic.” 

The simplest way of realising the process is that given 
in Dr. Garnett’s Little Book on Map Projection. If we 
take a very narrow gore — i.e. a strip between two meri- 
dians on the globe — and spread it out flat, we have very 
nearly obtained an equal-area map of that strip, because 
if the gore is sufficiently narrow there will be no great 
distortion in spreading it out quite flat. On the other 
hand, a wider gore w^ould be considerably distorted. 
However, let us consider a narrow one. The length of 
the spread-out gore is half the circumference of the 

* See p. 132. 
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globe, and, assuming no distortion, tbe parallel and 
meridian scales are true. But if we are to make the 
scale at 90° N. or S. equal to that at the Equator, we 
must imagine the Pole stretched out in an east-west 
direction to the width of the gore at the Equator. 

This is only half of the problem. Whilst stretching 
out the polar areas in this way, a similar stretching has 
also to be made in a north and south direction, so that 
if, for example, the length of the gore in 60° N. or S. 
lat. is doubled in an east and west direction, a very 
narrow strip of that gore in these latitudes is also doubled 
in a north and south direction. The effect of this 
double stretching is to render areas on the projection 
too great. Consider the strip on 60° : this parallel is 
just half as long as the Equator, thus to make it of the 
same length implies a doubling of the scale. At the same 
time the actual parallel itself (in practice a very narrow 
strip, not a line) must be doubled in a north and 
south direction to keep it in direct proportion to the 
meridian scale. Having thus increased both meridian 
and parallel scale twice, the area is obviously quadrupled. 

The farther one goes north or south the greater does 
the stretching become, so that areas increase enormously. 
In fact on parallel 75° areas are increased approximately 
fifteen times and at latitude 80° thirty-three times. 
Thus it is that near the Poles the stretching would be 
so great that it is useless to show very high latitudes. 

As at every point the stretching has been the same in 
all directions, it follows that the shape of areas has been 
magnified but not distorted. If we had a small square 
at 40° N. or S. on the globe and we stretched it x times 
in every direction, we should have a square still. Thus 
the projection is orthomorphic. It is very important to 
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realise the limits of orthomorphism. If any very small 
area not on the Equator be considered, it is clear that, 
on the projection, this small area has expanded. Similarly, 
any other small area will expand. But if we take two 
such areas not in the same latitude, the expansion of 
the one is greater or less than that of the other, and 
the scale for the one is unsuitable for the other. 

Strictly speaking, then, orthomorphism is applicable 
only to points ; in practice it may be applied to very 
small areas. In this way we avoid an apparent paradox 
— ^we have said that South America is nine or ten times 
bigger than Greenland, whereas on the projection 
Greenland is bigger than South America. Yet it is 
quite true to say that a tiny piece of Greenland is just 
as correctly represented on Mercator as a correspondingly 
tiny piece of South America, in so far as shape is 
concerned. (See -also pages 199 and 200 for Transverse 
Case and Modified Form and Chapter XIV in Part 11 .) 


A Means of Constructing Mercator* s Projection 

It is not easy to derive a general formula for the construction 
of this projection. However, if each parallel of latitude be con- 
sidered separately, it is a simple matter to find the distance of a 
particular parallel from the Equator. It has been noted already 
that the exaggeration in the latitude scale at any point is equal 
to that of the longitude scale. But the latitude scale is altered 
in such a way that it is kept equal to the scale along the Equator. 
If, then, we can find out how much any parallel has been in- 
creased we have a means of finding the distance, on the projection, 
of that parallel from the Equator. 

As each parallel of latitude is of the same length as the Equator, 
the exaggeration of the latitude scale varies as the secant of the 
latitude : 
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sec. lat. 


Let X be the scale, 

V _ Projection length of the parallel 
"" True length. 

-= — ^ — = — = sec. lat. 

27rR cos. lat. cos. lat. 

Thus a table of secants will show directly the amount of the 
exaggeration on any parallel. In order, however, to obtain the 
approximate distance of the particular parallel from the Equator 
on the projection, the sum of the secants from the Equator to 

that parallel must be found, and the result multiplied by , 

where R is the radius of the sphere to scale. ^ 

(N.B. — or is the length of one degree of longitude 
on the Equator.) 

The following table (from W. Garnett’s J Little Book on Map 
Projection) gives the distances of the parallels from the Equator in 
terms of the radius of the globe : 


0’I755R 

0-3563R 

0- 5493R 
07632R 

1- oi 12R 


i*3I7iR 

1- 7358R 

2 - 4366R 

3 - i 3 i 6R 
Infinity 


^ If y is the distance of any parallel from the Equator, it may be ex- 
pressed by the differential equation 

cly _ . 

to find the distance for any value of ^ this equation must be 
integrated : 

y = R Jsec (f> d (f) 

— R log^ (sec <j> -f- tan p) 

= 2*3026 logio tan ^45° -f 


no 



CHAPTER XI 

THE SANSON FLAMSTEED OR SINUSOIDAL PROJECTION 

This is a particular case of Bonne’s projection. The 
Equator is taken as the standard parallel and is a straight 
line true to scale ; the central meridian is a straight line 
perpendicular to the Equator, and half its length. The 
central meridian is also divided trulj^. The parallels 
are straight and equidistant and are all correctly spaced 
for the meridians. The meridians are curves drawn 
through corresponding points on the several parallels. 
For the same reason as in the case of Bonne, the projec- 
tion is an equal-area projection. The whole sphere can 
be shown, though the shape is a little awkward. A 
greater disadvantage is that towards the edges of the 
map the meridians are very oblique to the parallels and 
consequently the shape is much distorted. It is very 
frequently used for maps of Africa, Oceania, South 
America and sometimes for Australia. It is, however, 
not very suitable for the last. 

Graphical Construction 

Make a circle to scale to represent the globe. Lay off 
with a protractor angles corresponding to the desired 
interval between the parallels and meridians (15° in 
fig. 63). With radius MN describe an arc with centre 0 . 
Then draw parallel lines for each angle such as KL. 
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Draw a line E'N' (fig. 64) to represent the Equator 
on the map. At a point O in this line drop a per- 
pendicular POP'. Along POP' and E'N' mark off 
divisions equal to MN, because both Equator and central 
meridian are divided similarly. Through the points thus 
obtained on POP' draw parallel lines, which are in fact 
the lines of latitude. Along ea.ch of these lines — ^working 
outwards from the central meridian — mark off divisions 
such as KL, etc. To complete the projection, pass 
curves through 
these points on the 
parallels— these are 
the meridians. 


TRIGOiNfOMETRICAL 

Construction 

A development of 
the whole sphere 
on a scale of 
1/125,000,000. 

The length of 
the Equator is cor- 
rect : 27 rR = 12*56 
inches. 



M 

N 


Fig. 63. — Graphical Means of constructing 
the Sinusoidal Projection. 


The length of the central meridian is correct : 
irR = 6*28 inches. 

Divide the Equator and the central meridian truly 
and similarly : if the meridians and the parallels are to 
be 15° apart, then the spaces on the two lines In 
question will be 27TR/24 inches, though, of course, 
there will be twice as many spaces on the Equator 
as on the central meridian. The length of a parallel 
on the globe is 27rR cos lat., and so 15° of longitude 
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on any parallel is found by dividing this amount by 
24 (fig. 64). 

Having worked this out for each parallel, we may draw 


p 



[c. 1/428,000,000.] 

the meridians as smooth curves, which are, in fact, sine 
curves, through ' the corresponding points on each 
parallel.^ 

1 The lettering on fig. 64 refers to the graphical construction ; the 
figure itself is constructed trigonometrically', and hence the lettering 
should be used onl/ for general guidance. 



CHAPTER XII 

THE CHOICE OF PROJECTIONS 

In choosing a projection for a map, there are two main 
points to consider : 

1. What is the purpose of the map ? 

2. What is the extent of the area to be represented ? 

The projection should fulfil both these considerations. 

The matter will be made clearer hy considering various 
examples. Let us suppose a map is required to show 
the distribution of the chief rice-producing areas of the 
world. An equal-area map will meet the case best, 
because it enables the reader to obtain at a glance an 
idea of the respective sizes of each area. But a map 
of the whole world is necessary. The question thus 
resolves itself into finding a suitable equal-area projection 
of the whole world. The chief rice areas are in tropical 
and sub-tropical regions, and so it does not matter very 
much if high northern and southern areas are distorted, 
or even left out. At the same time it is always as well 
to have a projection which is easy to draw. The choice, 
therefore, seems to fall to the cylindrical equal-area. 
All the parallels and meridians are straight lines, the 
distortion of shape within 30° of the Equator is not too 
great (all the main rice areas are thus included), and 
although the east and west exaggeration of the polar 
areas is very great, this need not affect the actual purpose 
for which the map is required. 
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But such, considerations would not hold for a map of 
the main wheat areas of the world. These are nearly 
all in temperate latitudes and in both hemispheres. 
The areas are also very large and, as far as possible, 
their shape should be maintained within fair reason. 
In this case a cylindrical projection is not so suitable 
because of the distortion in temperate latitudes. The 
choice, then, is between the sinusoidal, Mollweide, and 
Aitoff. The relative advantages and disadvantages of 
these having been considered, probably Mollweide^ 
would be chosen, as it is easier to draw than Aitoff and 
gives a better representation of shape than the sinusoidal. 
In atlases other projections — usually some form of 
cylindrical — are used, but there does not seem to be 
very much to be said in their favour.^ Should, however? 
an equal-area map of a country or continent be desired 
(as, for example, an administrative map of the United 
States, or one showing the distribution of maize in the 
United States), the considerations which have governed 
our choice so far can no longer apply, A conical or 
modified conical will be most suitable. There are at 
least four possible projections : the simple conic with 
two standard parallels, the conical equal-area with one 
standard parallel, Alber’s conical equal-area, and Bonne’s. 
Of these the first is not strictly equal-area, and if 
equivalence of areas is particularly desired will not be 
chosen. But if only a close approximation to equivalence 
is required, the simplicity of its construction may more 
than outweigh its disadvantages. Of the two conical 

^ IMollweide’s and Aitoff’s projections are discussed in Part 11. 

2 In atlases, especially economic atlases, uniformity seems to be the 
ruling factor in distribution maps. Partly for this reason Gall’s stereo- 
graphic projection (q.v.) is much used. 
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equal-area projections, Alber’s would be chosen because 
the scale is correct along two parallels instead of one, 
and because there is a more effective distribution of error 
than in the conical equal-area with one standard parallel. 
In that projection the parallels are arcs of circles and the 
meridians are straight lines. It is not used verp much 
for atlas maps at present. Nevertheless, the actual con- 
struction, apart from the mathematical calculation, is 
easy. At the present time Ronne’s projection would 
probably be used ; it is well known, and, for an area no 
larger than the United States or Europe, there is not 
much distortion. Further, the scale along all parallels 
is true, and as Europe and the United States have their 
greatest extent in this direction they are well suited to 
this projection. Asia, however, is not well represented 
on this projection ; it has too great an extent east and 
west and also north and south, so that towards the 
north-west and north-east corners the meridians and 
parallels are very oblique to one another. Thus there 
is great distortion in these regions. Hence for an equal- 
area map of Asia, Lambert’s zenithal equal-area projec- 
tion is more appropriate. It is more difficult to draw 
and to compute, however. 

Smaller areas, such as the British Isles, France, etc., 
present very little difficulty. Their extent is so small 
that on ordinary atlas maps it is very hard to detect 
differences between similar projections. For this reason 
those graticules which are most easily drawn are generally 
chosen. The simple conic, with two standard parallels, 
is most suitable, but not very commonly used. 

Zenithal projections naturally lend themselves to 
polar areas. In fact, we may say that, other things being 
equal, -a cylindrical projection is suitable for equatorial 
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regions, a conical for temperate regions, and a zenithal 
for polar regions. But for World maps — apart from 
Mercator and possibly the cylindrical equal-area — the 
cylindrical graticules are not well adapted. A conven- 
tional form is commonly employed — Mollweide or 
Ait off . The former is sometimes developed ^ in two 
hemispheres. For maps including anything up to a 
hemisphere a zenithal projection, with the point of 
tangency on the Equator or at some point other than the 
Poles, is well suited. 

There are many maps constructed for some special 
purpose to which all other considerations must give place. 
Mercator is the best-known case. Some of the polar 
maps come under this group. For exploration purposes 
a zenithal equidistant is suggested, since all meri- 
dional distances are correct, as are also all azimuths 
from the Pole. As the Polar Areas are all included in 
a circle of 23!-^ radius from the Pole, the error in areas is 
kept very small, and so there is but little point in 
having resort to the zenithal equal-area projection. 

Because air-transport over land and sea is equally 
simple, it follows that great-circle routes may be more 
closely followed in this than in any other means of trans- 
port. Thus the gnomonic or great-circle projection has a 
peculiar value in this respect. The main disadvantage 
of gnomonic maps is that with increasing distance from 
the centre of the map there is a very rapid increase in 
the exaggeration of the scale. This is a great but not 
an insuperable objection. If a series of gnomonic pro- 
jections be made, great-circle courses can be continued 
from one sheet to another, as in the case of the cubical 
development described on page 132. Such geometrical 

^ As an example of this, see Bartholomew’s Oxford Atlas. 
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developments are infinite : the Earth can be developed 
on a solid of any number of sides, and each “ side ” is 
then a gnomonic projection for the area to which it 
corresponds. If, further, such a development of the 
World be made so that a large city or an important air 
base is at or near the centre of each side, so much the 
better, because, for obvious reasons, such places are 
likely to be the main foci of aeronautical and commercial 
activity in a given region.^ 

Quite another series of considerations must be made 
if a map were required to show a railway line such as 
the Cape to Cairo line. This railway extends practically 
equal distances north and south of the Equator ; its 
course is very nearly north and south, deviating but 
little from the meridian. A map to show equal distances 
in a north and south direction is suggested, and probably 
the zenithal equidistant projection would be chosen with 
the centre on the Equator at the point where the 33rd 
meridian east of Greenwich cuts it.^ 

Distance in an east-and-west direction is also easy to 
show. In all conical projections the scale is true at 
least along one parallel. Thus for a map to show the 
Trans-Siberian Railway and a small area on each side of 
it a simple conical would be suitable. The curvature 
of the parallel (in this case 55° N.) on a simple conical 
would not differ very much from the curvature of the same 
parallel on the conic with two standard parallels, and would 
be the same as that on Bonne. But the Trans-Siberian 
line deviates rather considerably from the 55th parallel ; 

‘ The Royal Air Force have adopted Mercator’s projection for air 
maps, for reasons similar to those governing its use in sea-navigation. 

2 The sinusoidal would do equally well, the central meridian being 
33° E. long. 
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because of this it would perhaps be better to make use of 
the conic with two standard parallels. If, as in the case 
of the Canadian and United States boundary, a parallel of 
latitude is either taken as the frontier or adhered to very 
closely, then the simple conic can be used just as well. 

The representation of population is an important 
matter. For very large regions, equivalence of area 
appears to be the main point at issue, so that one can 
compare easily the size of the areas concerned. For 
small areas on a large scale many other considerations 
occur, and the representation of population becomes a 
very difficult matter. In a map of the periphery of the 
Indian Ocean, India and North-Western Australia can 
be represented truly in area ; one can at once make an 
estimate of the distribution and density of their popula- 
tions. But if the main winds and ocean currents of the 
same area were to be represented on such a map, an 
equal-area projection would be no longer suitable. 
Direction is the most important criterion, and Merca- 
tor’s projection is best for this purpose. 

Finally, a word may be added about maps showing 
a whole hemisphere. Nearly all atlases give such maps 
of the world, but there seems to be no special justification 
for them other than conventionality. The somewhat 
ineffective globular projection is still much used. If 
hemisphere maps are needed, it is probably better that 
they should possess some definite property. Mollweide 
can be adapted, as in Bartholomew’s Oxford Atlas ^ and the 
zenithal equal-area and the zenithal equidistant are good. 
For World maps the representation in tw^o hemispheres 
has this advantage — shapes are not so greatly distorted as 
in a complete Mollweide or Aitoff. On the other hand, 
the gap bettveen the two hemispheres is awkward. 
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CHAPTER I 


PART I. THE OBLIQUE CASE OF THE GNOMONIC 
PROJECTION 

The two cases of the gnomonic projection already 
described are comparatively simple. The oblique case 
is not so, and is rather laborious. However, no great 
mathematical knowledge is required in understanding 
the method of construction ; the difRculty lies in the 
great mass of calculations that have to be made before 
the graticule can be drawn. 

The plane on which the projection is made may be 
tangent to the globe at any point other than the Poles 
and the Equator. A httle thought will show that the 
meridians, being great circles, must again be straight 
lines and the parallels will be curves convex to the Equator. 

In fig. 65 the plane DLV is tangent to the globe at C. 

Let a be the latitude of C. 

It can be seen that LCV is the projection of the 
meridian L'CV', and that V is the position of the Pole 
on the projection. L, on the other hand, is the projec- 
tion of the point L', which is on the Equator. The 
Equator, a great circle, must also be a straight line. 

Again, DHV is the projection of the meridian D'H'V'. 

The difference in longitude between the meridians 
L'CV' and D'H'V' is x, and this symbol is used through- 
out this chapter to denote longitude as measured from 
the central meridian L'CV'. 
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The first step in the construction is to draw a per- 
pendicular from C to VD, meeting VD in H, which is a 
point on any meridian, in this case on DHVd 

Then, since C is the tangent point and O the centre 
of projection, the plane HCO will be perpendicular to 



Fig. 65. — The Construction of the Oblique Case of the Gnomonic 

Projection. 


the tangent plane along the line HC, and the line DV 
will be perpendicular to this plane, HCO, since CH is 
drawn perpendicular to DV. It therefore follows that 
VH is perpendicular to HO in the plane VHO ; that is, 
the angle VHO is a right angle. 

HCO is a right-angled triangle with the right angle 
at C, and tan A = CH/R, where R = CO, the radius 
of the globe. 

^ See also Plate III. 
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The triangle VOD is rigEt-angled at O, and because 
OH is perpendicular to DV, OH^ = VH X HD. 

Let the angle HOD = <j&q ; then 

DH OH DH DH cos A 
tan^o- QH “ HV~ RsecA“" R '• 

Again, let the angle KOD = (j> ; then 
KH 

tan (<f>Q — <f>) = qij, thus KH = R sec A tan ((j)Q — ^). 

Now HV = R sec A cot 

VK = R sec A [tan — ^) + cot 
and CH = CV sin 0 = R sin d cot a. 

(VHC is a triangle, right-angled at H ; and 6 is the 
angle subtended at V, the pole of the projection, by the 
longitude.) 

But since CH = R sin 0 cot a ; tan A = sin 0 cot a. 

OH^ R^ sec^ A _ R tan a 

VH CV cos 0 cos 6 cos^ A 

And as the angles DLV and DLO are right angles, it 
follows that : 

DL = LO tan x = R sec a tan x, 

and that LV = - — > 

sm a cos a 

because LV = LC + CV 

= R tan a + R cot a 


_ j^/sin a cos a \ 
““ \COS a ‘ sin aj 


sin a cos a 


5 since sitf a + cos^ a = i. 


Finally, tan 6 


LD 

LV 

R sec a tan x sin a cos a 
R 

tan X sin a. 
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Having proceeded so far, the next step is to work 
out for all the parallels and meridians necessary the 
points of intersection. The points have to be obtained 
by a rather roundabout process. 

Assuming we require an oblique gnomonic projection 
of North America on a plane tangent at the point 
where the icoth meridian of west longitude crosses the 
45th parallel of north latitude, and the scale of the 
map is to be 1/50,000,000, the following equations 
must be worked out in full for as many points as are 
wanted. 

(1) To find the distance apart of the meridians on 
the Equator. (In this particular case it is not actually 
wanted, but is added for clearness.) 

DL = R sec a tan x- 

Example (in the examples four-figure tables have been 
used and also logarithms to shorten the calculations). — 
Distance of 10° (W. or E. of the central meridian), 
log DL = 0-6990 -b 0-1505 4 - = 0-0958, 

and antilog = i -2470 inches. 

(2) To find 0 . Tan 0 — tan x sin a. 

Ex am fie .- — 

X = 10°, log tan 0 = 1-2463 -b i-8495 = L0958, and 

0 = 7 ° 6'. 

(3) To find CH. CH = R sin 0 cot a. 

Examfle. — CH for 10° of longitude west or east of 
the central meridian. 

log CH = 0-6990 -b 1-0920 -b 0-0000 = 1-7910 

and antilog. = 0-6180 inches. 

(4) To find X. Tan X = sin 0 cot «. 

Examfle . — 

X (long.) = 10° ; log tan X = i-0920 -b o-oooo, and 
^ == 7 ° 3 '- 
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Plate III.— Oblique Gnomonic Projection of North America. 
[f. 1/142,000,000.] 
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(5) To find DH. DH = 

COS 6 cos“ A 

Example. — When x = 6 = 6\ and A = 7° 3'. 

log. DH = 0*6990 + 0*0000 — (1*9967+ 1*9934) 
= 0*6990 ~ 1*9901 = 0*7089 

and antilog = 5*1 160 inches. 

^ . rm » cos ADH 

(6) To find tan Tan ^ . 

Example . — 

When X = ^—7° 3^ = 5-1160 inches, 

log tan <f>Q = 1-9968 + 0-7089 — 0-6990 
= 0-7057 — 0-6990 = 0-0067 
and (f>o = 45° 26'. 

(7) To find KH. KH = RsecAtan(^o-<^)- 

Example. — When x — 10°, ^ = 7 ° 3 ^ ^0 — 4 ‘ — 0° 26' 

(i.e. lat. 45° N.). 

log KH = 0-6990 + 0-0032 -f- 3-8787 = 2-5809, 
and antilog = 0-03810 inches, and so on for all values of x. 

To plot the projection draw a straight line as the 
central meridian, and talce any point on it such as C. 
Then rule off lengths equal to CV and CL respectively 
(i.e. the cotangent and tangent of latitude of C) (see 
fig. 65 and Plate III). 

The perpendiculars, CH, may then be put in for as 
many meridians as necessary. Since CHV is a right- 
angled triangle, the angles at C are.equal to 90° — 6 (see 
2 above). Having obtained the point H, join VH and 
produce it as far as required. Then KH for all parallels 
should be found and marked off from H along VH 
produced, working outwards from H. This same process 
holds good for all meridians, the next succeeding meridian 
being found when CH is constructed for — say — 20° 
and so on. All points must be plotted separately • 

128 




129 


Plate IV.— Cubic Development of the Gnomonic when the Cube is Tangent at the Poles 

AND AT Four Points on the Equator. 


STUDY OF MAP PROJECTIONS 

though, as the projection is symmetrical about its central 
meridian, a little trouble can be saved by marking off 
points at once on meridians east and west of the central 
meridian and equidistant from it. 

The oblique case possesses the same merits as do the 
polar and equatorial cases (q.v.). 

PART 2 . THE CUBIC DEVELOPMENT OF THE GNOMONIC 
PROJECTION 

We have now obtained a gnomonic projection for any 
plane — whether tangent at the Poles, the Equator, or at 
some point between the Poles and the Equator. We are 
thus able to undertake the construction of a gnomonic 
projection on a circumscribed cube. Imagine a hollow 
cube placed round the globe so that the poles touch the 
mid-points of two opposite sides of the cube. The 
remaining four sides will be tangent planes to the 
Equator at points 90° apart. It is clear that any point 
on the Equator may be made the centre of one of the 
equatorial planes. In order to construct the whole 
map two ordinary polar gnomonic charts and four 
equatorial charts are necessary. Clearly each equatorial 
chart will show 90° of latitude and 90^^ of longitude — 
i.e. 45° of latitude or longitude on each side of the 
mid-point. Each polar face will show 360® of longitude 
and 45° of latitude (see Plate IV). 

But it may be desired to have a place such as London 
at, or near, the centre of one face. If London were 
adopted, we must then imagine the hollow cube so 
placed that the mid-point of one face is in latitude 
50° N., longitude o'". The mid-point of the opposite 
face will then be in latitude 50° S. and longitude 180° E. 
or W. The remaining four faces will be displaced 
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similarly. This arrangement will obviously be of greater 
value than the simpler polar and equatorial case, because 
it is clearly an advantage to have a big town or city in 
the centre of a face. Such a place might well be the 
headquarters of a national air force or of an air route 
organisation (see Plate V). 

There are other possible geometrical projections of 
this type ; world maps may be developed on octahedra, 
dodecahedra, and icosahedra. The construction is 



V 

W' 


Z' 


Fig. 66.— Great-circle Courses on the Cubic Development of the 

Gnomonic. 


similar in each case, but it is doubtful if there is any 
real advantage obtained in multiplying the number of 
faces of the figure on which the projection is to- be 
made. 

PART 3. I'HE CONSTRUCTION OF GREAT-CIRCLE COURSES 
ON THE CUBIC DEVELOPMENT OF THE GNOMONIC 

It has been shown that a great-circle course on a 
gnomonic projection is a straight line. Thus it is a 
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very simple matter to insert a great-circle course between 
any two points on one face of the cube. But the problem 
with which we are concerned is to continue such a great 
circle on to the next face. 

In fig. 66 suppose XB to be the great-circle course on 
one face of the cube. In order to find its continuation 
on the next face, we must find the position of Z'. PCV 
is a line joining the mid-points of the three parallel 
edges. By symmetry, Z' must be as much below PV 
as X' is above it. It wiU be noticed that there is no 
need to assume that the edges of the cube faces are 
limited ; they may be produced as far as necessary. 

If a great-circle course is required between any two 
points such as M and W on two adjacent faces, a point, 
K, must first be found on the common edge in such a 
position that the intercepts PM' and V\V' are equal. 
This point K is found by trial. 
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CHAPTER II 

PART I. THE OBLIQUE STEREOGRAPHIC PROJECTION 

A STEREOGRAPHIC projection can be made on any other 
plane titan the two already described. The principles 
of construction are just the same as in these cases, so 
that a brief description is all that is necessary. 

In fig. 67 let S'B be the plane on which the projection 
IS to be made. 

P is “ the source of light.” M, the point of tangency 
of the plane and the globe, is in 30° N. lat. 

0 is the centre of the globe, and EQ is the Equator. 

Draw meridians for every degree required — 15° in 
the figure — ^and then draw lines such as PQ, PN, PE, 
PS, and so on, producing them to meet the plane. 

Clearly the North Pole in this case is 60° N. of M, and, 
therefore, its distance from M on the plane is 2R tan 30° 
(see page 41), or, geometrically, the distance MN'. 

Similarly, the distance on the plane of any other 
point from M = 2R tan Jd, where i is the difference 
in degrees of the latitude of M and the point in question. 

For example : the parallel of 60° S. is 90° from M 
and therefore at a distance of 2R tan 45°, or, geometri- 
cally, M, V. 

Thus to construct the parallels, first draw a circle to 
represent the sphere (fig. 68) on the required scale and 
then draw in the vertical axis. The centre of the 
sphere is, in this case, 30° N. lat., and the Pole is found 
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by setting off from O, the centre, a distance equal to 2R 



PiQ, 67.— Construction of the Oblique Case of the Stereographic. 

The other parallels are marked similarly on the vertical 
axis, which is also the central meridian. 
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The next problem is to find the centres of these 
circles. Geometrically their radii can be taken from 
such a diagram as fig. 67. For example, if the centre 
of 60° N. lat. is required, we must consider the two 
intersections of this parallel on the plane, i.e. at X and Y. 
Clearly the required radius must be i-XY. But it is 
inconvenient to have to refer to a second diagram, and 
it is’ not difficult to obtain the radii directly. The 
distance of the first intersection of any parallel from the 
centre of the map is — as given above — 2R tan id. The 
distance from the centre of the second intersection is 
2R tan i (angular distance of centre of map from Pole + 
the angular distance of the parallel in question from the 
Pole). For example, 45° N. . 

First intersection . . 2Rtan-i-i5° 

Second „ . . 2R tan i {60° -|- 45°) 

The centre of the circle required is then at half the 
distance between the two intersections, and can be 
found directly by measuring off this distance, along the 
central meridian produced, from the first intersection. 

The other parallels are added in a similar way. It is 
important to note that the parallel which is as many 
degrees south of the Equator as the parallel on which 
the plane is tangent is north of the Equator, or vice 
versa, is a straight line, because it passes through the 
point of sight — 30° S. in fig. 67. 

Parallels still farther south will have their centres on 
the prolongation of the axis. Those parallels south 
of the straight parallel — ^i.e. the one through P — are 
struck from centres on the central meridian, and their 
curvature will be opposed to that of the parallels on 
the opposite side of the straight parallel. 
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The meridians must pass through the Poles, and their 
centres will lie on a line which cuts the vertical axis at 
a point midway between the Poles. It is thus necessary 
to find, first of all, the position of the South Pole. In 
the case under consideration the South Pole is 120° S. 
of the centre of the map. That is to say, the Pole is 
on the central meridian at a distance of 2R tan 60° 



Fig. 68. — Oblique StereograpKic Map of one Hemisphere with the Plane 
of Projection Tangent at 30° N. on the Greenwich Meridian. 

from O. Having found this point, a horizontal line can 
be drawn half-way between the two Poles. . The centres 
of the meridians are all on this line. 

It was shown in the equatorial case that the centres 
of the meridians were distant from the intersection of 
the central meridian and the Equator as R times the 
cotangent of the longitude.^ A similar relation holds 
here, but instead of R cot long, we must substitute 

1 See footnote, p. 44. 
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NA cot long. — i.e. NA is the radius of the meridian 
passing through both Poles. 

(In fig. 68 XA = NA cot 50° and YA = NA cot 30®). 
The raii (XN and YN) for constructing the meridians 

are respectively NA 
cosec 50° and NA 
cosec 30°. 

PART 2. A SIMPLE 
MEANS OF CON- 
STR UCTIN G 
LARGE-SCALE 
STEREOGRAPHIC 
MAPS(cf.Ch.IX,pt.i) 
For purposes of 
t r ansformation, 
which are described 
later, and for mak- 
ing large-scale wall- 
maps, the stereo- 
graphic projection 
does not lend itself 
to direct construc- 
tion on account of 
the very great radii 
required to draw 
the parallels and the 
meridians. T he 

Fig. 69.— Construction of the Parallels on following method 
Large-scale Stereographic Maps. employed 

in the equatorial case, though it is rather tedious. 
However, it involves but an elementary knowledge of 
mathematics, and is described here for that reason. 

Let L and P be two points on latitudes 50° N. and 
20° N. respectively (fig. 69). 
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Then L^L = R cot 50° and 
Pj^P = R cot 20^. 

Also the angles at L^ and Pj^ are 50*^ and 20 respectivelj'. 
The points L, V, and L', and P, U, and P' on these 
two parallels are known already. But other points 
are required on these parallels. Since the spacing of 
the meridians is not regular, it is not easy to obtain 
the points of the actual intersections. However, by 
dividing the angles LL^O and PP^^O into a given number 
of equal parts, points such as K and M may be found 
by ordinary co-ordinates. 

The position of K is found thus : Suppose the angle 
KL^O = 36°, or 72 of the angle LL^O. Then, 
because L^K = x = r sin 36° and y = r—r cos 36°, 
when V is origin (as in the rectangular co-ordinates for 
simple conic). In this way a series of points on lat. 50® 
can be found, and then it may be drawn in as a smooth 
curve. In the same way M is found. Suppose the angle 
MPjlO = 10^, or i- angle PP^^O. Then = r sin 
10 *^, and y = T — r cos 10®, where U is taken as origin. 

The meridians may be plotted in the same way. 
Suppose M and L (fig. 70) are the intersections of 
any two meridians, and Xg, with the Equator, The 

radii required to draw these meridians are FS and QS 

R times the cosecants of the longitudes ^ ; the distances 
from the centre O, OF, and OQ are R times the 
cotangents of the longitudes of M and L re- 
spectively.^. 

The angle SQO = X^ and the angle SFO = X2. 
A point such as H may be plotted if the value of the 
angle HQO is known. As before, divide the angle SQO 
into a given number of equal parts, and suppose the 
1 See footnote, p. 44. 
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angle HQO = 20°. TEen the co-ordinates giving the 
position of H are : 

x = T — r cos 20° 

y = T sin 20°, where r = R cosec longitude, and 
L is taken as origin. 

In this way all the meridians may be completed. 

PART 3. THE ORTHOMORPHISM OF THE STEREOGRAPHIC 
That the stereographic is an orthomorphic projection 


IM 



in the strict sense of the word may be shown quite readily. 
There is no need to show that the meridians and the 
parallels are at right angles, for this is apparent from the 
construction. 

That the scale is the same along parallel and meridian 
at any point of intersection can be shown best by the 
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calculus, but it can also be shown hy geometry 
or b7 trigonometry. We will, however, illustrate 
the property by a numerical example in the polar 
case. As an example, let us consider a small area 
at the intersection of the 40th parallel and any meridian. 
Suppose we take an area measuring in latitude and 
in longitude. The radius (for the sake of clarity, R, 
the radius, is taken as 2" as in previous examples) of lat. 
40 on the projection is 2R tan 25^ or i "-865231. The 
scale along any one parallel is constant ; on the other 
hand, the scale along the meridians increases outwards, 
and is thus never the same at any two points. The 
radius required to draw latitude 49° 30' is 2R tan 
24° 45' or I "*844025 ; and the radius for latitude 50*^ 30' 
is 2R tan 25° 1 5' or i "*886523. That is to say, the length 
of of latitude bisected by the 40th parallel is i"*886523 

— i"*8844025 = o"* 042498. But 1° along the parallel is 
equal to 277^/360 (where /*= i"*8652) or o"*0325544. 
Thus there is a distinct discrepancy between an arc of 
I ® along the parallel and the meridian. Suppose a smaller 
area is considered — an area measuring 4' of arc along 
meridian and parallel. Because the longitude scale 
along any parallel is constant, 4' of arc (i/i5th of a 
degree) = 0*03255/15 = o"*oo2 17029.^ The interval of 
latitude between 49° 58' and 50° 2' is again equal to the 
difference between their respective radii — or i "*8666472 

— I "*8638 144 = o"*oo 28328.^ Thus the scales along meri- 
dian and parallel are becoming closer, and if the same pro- 
cess were repeated for still smaller arcs, they would be seen 
to get closer and closer together until finally, when the 
ultimate stage is reached — a point — ^they would coincide. 
In this sense the stereographic is orthomorphic. 

^ The calculations were worked with seven-figure tables. Four-figure 
tables are not sufficiently accurate. 
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CHAPTER III 

PART I. LA HIRE’S PROJECTION 

This projection is seldom used, and is described here as 
a type of zenithal projection of the perspective group, 
in which the source of light is exterior to the sphere 
and is situated at a point somewhere between the stereo- 
graphic and the orthographic positions. 

La Hire takes a point situated at times 

the radius of the Earth from the centre (fig. 71). If from 



S 


Fig. 71.— Diagram illustrating the Construction of La Hire’s Projection 

such a point raps be drawn to two points on the meridian 
SEACN and distant 22!° and 67^° from N., the distances 
XY and XZ are— to two places of decimals — 0*25 and 075 
times XN respectively. Thus if the map be projected 
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on the plane NS, a satisfactory map is produced. To 
make a polar map, draw lines from O for every 
(or whatever interval is desired) and note where they 
cut the line NS. Then with radii XY, XZ, and so on, 
describe concentric circles, as in the case of the other 
zenithal projections. The meridians are put in in the 
usual way. The resulting map will be almost indistin- 
guishable from a zenithal equidistant. The projection 
is difficult to construct if one of the Poles is not taken 
as centre of the map. 


PART 2 . VAN DER GRINTEN’S PROJECTION 

This is a projection of the whole sphere which is 
sometimes found in atlases. The complete sphere is 
contained within one . circle. It has no particular 
properties and is of little practical importance. How- 
ever, it gives a fair representation of the World, having 
neither the great east and west extension of the Mercator 
in high latitudes, nor the compression in similar latitudes 
which is a defect of the sinusoidal and the Mollweide 
projections. 

The diagram (fig. 72) will make the construction 
clear. 

Draw, to scale, a circle to represent the globe (fig. 72). 
VQ is the Equator and NS the central meridian. Join 
NV. Divide NO into a given number of equal parts 
— ^in this case 6. Then draw lines EE', DD', from 
these points and parallel to VQ. Join EQ and DQ, 
etc., noting where these lines cut the central meridian. 
Next join LQ, KQ, etc., and, from the points where 
these lines cut the central meridian, construct the dotted 
parallel lines, such as CC'. The parallels of latitude are 
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then constructed by passing circles through points 
bearing the same degree number — e.g. 6o° and 6o°. 
Similar divisions can be marked off along the arc NQ, 
The Equator is then divided equally, and the meridians 
are drawn as circles passing through the Poles and the 
corresponding points on the Equator. 


N 



Fig. 72.~Diagram illustrating tke Construction of Van der Grinten’s 

Projection. 

PART 3. GALL’S STEREOGRAPHIC PROJECTION 
This is a projection of the cylindrical type, but the 
cylinder is supposed to cut the globe so that the part 
between parallels 45° N. and S. is outside the cylinder. 
The projection is then constructed stereographically. 
It is sometimes used for World maps to show distribu- 
tions. Many of the maps in Bartholomew’s Atlas of 
Economic Geography (L. W. Lyde) are on this projection. 
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GALL’S STEREOGRAPHIC PROJECTION 

The spacing of the parallels is similar to the stereo- 
graphic, but instead of using the formula 2R tan i<j>, 
substitute 1*7071 R tan The graphical construction 
is just as easy. The meridians are spaced correctly along 
parallels 45° N. and S. — i.e. zirRd cos 45°, where d is 
the interval of longitude expressed as a fraction of the 


Q 


Fig. 73.— Diagram illustrating the Construction of Gall’s Stereographic 

Projection. 

circumference of 45° latitude N. or S. The scale is 
true along these two parallels only ; on the equatorial 

^ In the triangle POK, PO = R, and the angle POK = 45®. Thus 
KO=R cos 45° or 07071 R, and therefore KL, KP, KR, etc. 
= (R-f- 07071R) tan icf) = 17071 tan i<f>, where ^ is the latitude and 
R is unity. 
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sides of the fortj-fiyes it is too small ; on the polar sides 
it is too great. The meridian scale is everywhere too 
great except between the standard parallels, where it is 
too small. It is neither equal-area nor orthomorphic, but 
serves to make a fair map of the World (fig. 73). 

The method described above appears to be that used 
in some atlases. Strictly speaking, the adjective Stereo- 
graphic ” is not applicable to it, if by stereographic is 
meant projection from a fixed point on the sphere on to 
a plane perpendicular to the diameter through the point. 
However, it would be just as easy to use the normal stereo- 
graphic method ; the parallels, instead of being spaced 
at intervals of 1*7071 R tan i(f> would then be spaced 
by means of the formula 2R tan The meridian 
spacing would be the same in both cases. The only 
difference would be that the parallels would be rather 
farther apart in the true stereographic case. It is 
doubtful if the utility of the map would be appreciably 
affected. It will be obvious that many other modifica- 
tions could be made — e.g. other parallels could be made 
true instead of 45° N. and S. 


146 



CHAPTER IV 

PART I. LA CARTE PARALLELOGRAMMATIQUE, OR DIE 
RECHTECKIGE PLATTKARTE 

This is an unimportant and ver^ conventional cplindrical 
projection with no particular English name. Two 
parallels at equal distances from the Equator are chosen 
as “ standard parallels ” and are divided correctly. 

As an example, let us compute the required figures 
for a map of the World, in which 30° N. and S. are 
taken as the standards. The length of an arc of 10° of 

longitude along these parallels is - ■ 35' 

if the scale be i ji^opoopoo. The parallels are spaced at 

ttR 

equal intervals apart along the meridians ; 78 =o''.I 74 . 

In this way a series of rectangles is constructed, 
hence the name. 

It corresponds to the simple conic with two standard 
parallels. It has no particular merit and is not used in 
atlases. It appears to have been used to some extent 
instead of Mercator in the time of the great discoveries, 
and as late as the beginning of the nineteenth century 
(Groll-Graf.) 

PART 2. THE CYLINDRICAL EQUAL-AREA WITH TWO 
STANDARD PARALLELS 

As in the “ carte parallelogrammatique,” two parallels 
are chosen as standards and are divided truly. The 
area, however, between any parallel and the Equator 

147 



STUDY OF MAP PROJECTIONS 

is to remain equal to the corresponding area on the 
globe, i.e. zttRZ? (^ = R sin lat.). But the length of a 
standard parallel is 27rR cos^. If, therefore, the area of 
the zone be divided by the length of a standard parallel, 
then the quotient is the distance of the parallel in question 
from the Equator. Calling this distance we have 

^ zttRZ? h 

zttR cos ^ cos 

The standard parallels are then divided correctly — • 

zttR cos 6 ^ . 111. 

— and the graticule is constructed by drawing 

straight lines through these points to represent the 
meridians, and by drawing the remaining parallels in 
accordance with the above formula. Suppose 6o° N. 
and S. are taken as standards ; they are distant from the 
Equator : 

h R sin 6o° i X o-866o „ 

cos ^ ““ cos 6o° 0*5000 ^ 7320* 

Similarly 

latitude 40° is distant from the Equator 1*285 i^^ches. 

3) ?3 1*97^ » 

33 9^ 33 33 33 2*000 ,, 

The projection is comparatively unimportant and is 
very seldom used. It is the cylindrical case corresponding 
to Albers’ conical equal-area with two standard parallels. 
It is also known as Behrmann’s projection. 
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CHAPTER V 

MOLLWEIDE’S PROJECTION 

This is an equal-area projection of the whole sphere, 
and is an ellipse, whence its other name, the Elliptical 
Projection. It is a popular projection and occurs in 
most atlases for World maps showing distributions. It 
can be developed in hemispheres (see Bartholomew^’s 
Oxford Atlas) andean also be “ interrupted ” effectively 
(p. 156). 

The distortion towards the Poles is not as great as in 
the sinusoidal projection. The parallels are parallel 
straight lines, but are not equally spaced along the 
central meridian. The meridians are all ellipses, the 
central meridian being the special case in which the 
ellipse becomes a straight line, and the 90th meridian 
(reckoning from the centre of the map) being the other 
special case in which the ellipse becomes a circle. 

The main problem is to obtain the correct spacing 
of the parallels along the central meridian. 

The first step is to construct a circle equal in area to 
a hemisphere on the required scale. The area of a 
circle is wr®, that of a hemisphere is 2 itR®, and by equating 
these two expressions we have rrr^ = 2itR®, w^hence 
r= -/zR. Hence on a scale of 1/250,000,000, R= i 
and ?■= 1-414. Describe a circle with this radius. 
Then produce the equatorial diameter each way, making 
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HF = HO, and KG = OK. Then describe the ellipse 
FANBGS (fig. 74). 

Let DE be any parallel of latitude on the projection, 
and let /EOK be Q. 

The area between any parallel of latitude on the 
globe and the Equator is 2-n-R* sin (f) (<l> = lat.). 

By construction, however, 27rR® sin <f) is to be made 
equal to the area FABG. 

But FABG is, by the properties of an ellipse, equal to 



■s 

Fig. 74. — Construction of MoUweide’s Projection, 


twice the area HDEK ; and this again is equal to twice 
A OCE plus twice sector OKE. 

The area of a sector is 6 (page 13) {9 in circular 
measure). 

The area of a triangle is fr sin 6 r cos 9 = sin 2 9 . 
Therefore, sin ^ == 2 (-Jr^ 9 ') + 2(fr^ sin 2 9 ) 

= ^ sin 2 0. 

But r = V 2R. 

ttR^ sin <f> = 2R^ 6 -j- 'R? sin 26 

and 77 sin ^ = 2 0 + sin 2 0. 

Now, if 9 is given, ^ can be found. 
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MOLLWEIDE’S PROJECTION 


Ex am fie . — Let B = 40° = 0‘698i radians. 
iB = 1.3962 radians. 

Sin zB = 0-9848. 

TT sin f ~ 2-3810. 

.*. log (tt sin f) = 0-3768. 

log sin 4) = 0-3768 — log IT. 

= 0^-3768 — 0-4971. 

= 1-8797. 

== 49° 18'. 

By giving 9 some values between o° and 90®^ a graph 
can be drawn from which the values of 6 can be taken 
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In this waj the following table can be constructed : 
When 6 = io° ^ = 12° 43', or when <}> = 10^ ^ = 8^^ o' 

^ = I5°4S' 

= 24° o' 
= 32° o' 

= 40" 30' 

= 49^25' 

= 59° 30' 

= 71^^ o' 
= 90"^ o'. 

N.B. — ^The latter table is taken from the graph on 
fig. 75, and so the values are only approximate. 

Now, if R = I, r = 1-414 ; then 1*414 : i :: i : 0*707. 
Let OC, the distance between lat. DE and the Equator 

= X. 


= 20° 

= 25° 16' 

= 20° 

^ 30° 

= 37° 31' 

= 30° 

= 40° 

= 49° 18' 

= 40° 

= 50° 

li 

On 

0 

0 

= 50° 

= 60° 

= 70° 30' 

= 60° 

= 70° 

= 79° 18' 

= 70 

= 80° 

= 86° 18' 

= 80° 

II 

0 

= 90° 0' 

11 

0 


Then x = r sin Q, 

Therefore x ior (f> = 10° is I*4I4R sin 8° = 1*414 X 
0-I392R = o-iqdSR, or in terms of r, = 0*1968 X 
o>jojr = o*i39ir.^ 

In this way the following table is obtained* : 


When <j> = 10°, then x 

= 0 -I 97 R 

or o*i39r 

20 ‘^, 

0 - 384 R 

o*27ir 

30°, 

0 - 575 R 

o*407r 

40°, 

0749R 

o-53or 

50°. 

o*92iR 

0‘6s2r 

6o\ 

I-C 74 R 

o 759 r 

7 °% 

i*2i8R 

o-862r 

80°, 

1 - 337 R 

0 - 945 '' 

90°, 

I- 4 I 4 R 

I -000/ 

^ X = f sin 0 . . • • 

• . t 

. . (I) 

= R\/ 2 sin 0 



= i* 4I4R sin 9 . . 


. . (2) 


* The values for R and. r in above tables vary slightly from those given 
in other works since they have been calculated from approximate values 
of d taken from the graph. 
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MOLLWEIDE’S PROJECTION 

The data required for drawing the graticule are now 
found. The parallels are put in with the help of the 
table. The meridians are then drawn. To do this, 
each parallel must be divided into the required number 
of equal parts. 



Fig. 76. — The World on Mollweide’s Projection* 



Fig, 77.— Mollweide and Sanson-Flamsteed Projections, to show Relations 
between Parallels and the 90th and i8oth Meridians East and West of 
the Central Meridian, 
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By construction, the length of the Equator is 
4 r = 4 X I- 4 I 4 R. 

If, then, the meridians are to be 20° apart, they will 
be at intervals of ; 

42 ^ = o".3I4. 

THe length of any other parallel on the projection is 
4r cos 6 . Thus intervals of 20° of longitude on latitude 
40^ are found thus : Lat. (<!>) 40^ corresponds to ( 6 ) 32®. 
Then cos 32® = 4 X 1*414 X 0*8480 = 4*7963, and 

thus 20° of longitude = ^ =0*2665, if wetakeR=i. 

lo 

The meridians are then drawn by passing curves 
through corresponding points on each parallel : they 
are all ellipses. (See pages 192 and 194 for Transverse and 
Oblique Cases.) 


[See Note, p. 156.] 

J. P. Goode was, I think, the first to “ interrupt ” MoIIweide’s 
Projection, which he refers to as the Homolographic. This was 
in 1916. In 1923 he combined the Homolographic and Sinu- 
soidal in what he called the Homolosine Projection (also inter- 
rupted). This projection is an ordinary interrupted Sinusoidal 
from the Equator to latitudes 40® N. and 40° S.; in higher latitudes 
the Mollweide is used. Hence there is a kink in the meridians 
where they cross 40® N. or S. He has used this projection 
effectively in his School Atlas (Rand McNally & Company, 
1933). It is an equal-area projection. In 1928 he developed 
what might be described as an interrupted Polar Equal Area pro- 
jection. Each continental area has its own mid-meridian, which is 
part of a polar radius. The parallels are arcs of concentric circles. 
Distances are true on all mid-meridians and on all parallels. 
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Plate VI.— Interrupted Mollweide Projection (for Continental Masses), 


CHAPTER VI 

« INTERRUPTED ” PROJECTIONS 

An interesting development of Mollweide’s projection 
is that known as the “ Interrupted MoUweide.” The 
projection is still equal-area, and the advantage gained 
by interrupting is that the breaks can be made in those 
parts which matter least. Plate VI shows such a pro- 
jection suited to the continents, the breaks coming over 
the oceans. It will be seen that the distortion towards 
the Poles between the “ interruptions ” is not as great as 
in the normal case, and this fact, to some extent, mitigates 
its awkward shape. 

The sinusoidal may be constructed similarly, though 
the shape is rather less pleasing than that of Mollweide 
(Plate VII). 

The principles of construction are the same in both 
cases. Certain meridians are chosen along which inter- 
ruptions are to be made, and others are chosen — ^in this 
case in the land masses — and drawn as straight lines. 
The spacing of the parallels is marked off along each of 
these straight meridians and the parallels are sketched in 
lightly. Each parallel is then divided as in the normal 
cases, but here the divisions are marked outwards from 
the straight meridians. All the required points having 
been obtained thus, the other meridians are drawn in 
as smooth curves. (See note on p. 154.) 
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Plate VII.— Interrupted Sanson-Flamsteed Projection (for Continental Masses). 


CHAPTER VII 


CONSTRUCTION OF MORE DIFFICULT CASES BY MEANS 
OF TRANSFORMATION 

Many projections in common use in atlases are not at 
all easy to make directly, and because the direct construc- 
tion involves considerable mathematical knowledge, they 
will not be treated here in such a manner. 

However, they can be constructed with comparative 
ease by transformations. This method is in some cases 
rather clumsy, but is helpful in that it avoids the use 
of mathematical calculations. 

The main principle of transformation is quite simple. ■ 
It consists in obtaining a medium- whereby one projec- 
tion can be “ transformed ” into another. In the polar 
cases of all the zenithal projections, the meridians and 
parallels form a series of radiating straight lines and 
concentric circles. The spacing of the meridians is the 
same in each case ; the spacing of the parallels varies. 
As far as drawing is concerned, they are all equally easy 
to construct. The equatorial and oblique cases, how- 
ever, are not easy — except in one or two cases, notably 
the stereographic and orthographic. The gnomonic is 
fairly simple, but its shortcomings, already described, 
render it of much less use than the stereographic and 
orthographic. Thus the medium employed is nearly 
always one of these, and usually the stereographic. 

Let us take a general case. We have a polar stereo- 
graphic and an equatorial stereographic on the same 
scale. The Equator of the former and the bounding 
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meridian of the latter are circles of equal radius, and if 
we place them one upon the other, the polar case being 
drawn on tracing paper, these circles will coincide — as 
also the vertical and horizontal meridians of the polar 
case will with the central meridian and the Equator of 
the equatorial case. Clearly, then, any point on the 
polar case is in the same position relative to the Pole 
and to its vertical and horizontal meridians as the coinci- 
dent point will be to the centre of the equatorial 
projection and the central meridian and Equator. 

Suppose now we make a polar zenithal equidistant 
projection. This is similar to the polar stereographic, 
except that the spacing of the circles is different. How, 
then, can^ we make an equatorial equidistant ? We 
have seen that any point on the polar and equatorial 
stereographies can be defined with reference to two 
axes. But these two axes also exist in the case of the 
polar equidistant projection, and we can, therefore, 
refer any point already known on the two stereographic 
cases to the polar equidistant in the following way. A 
certain point can be taken on the equatorial stereographic, 
and when the tracing of the polar stereographic is 
placed over it, the point will be found to lie in a certain 
position within one of the quadrilaterals or meshes 
formed by the meridians and parallels of the polar case. 
It is easy, then, to place this point in the same relative 
position in the corresponding quadrilateral or mesh of 
the polar equidistant. Similarly, any other point can be 
so transformed.” 

If, however, the points taken are the intersections of 
the meridians and parallels in the equatorial stereo- 
graphic, the same points, when placed on the polar 
equidistant, will obviously represent the intersections of 
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the meridians and parallels of the equatorial equidistant, 
and hy joining up corresponding points hy smooth curves 
we have an equatorial equidistant obtained hy means of 
transformation. 

Consider first a simple case. A zenithal equal-area 
projection of the World in hemispheres is required. 
First of all construct an equatorial stereographic on the 
required scale. (The reason for this is explained later.) 
Then, on tracing paper, make a polar stereographic 
extending outwards so as to include the Equator. Then 
place the latter over the former, setting ’’ them so 
that the bounding meridian of the equatorial case 
coincides with the Equator of the other, and the Equator 
and the central meridian of the equatorial case coincide 
with any two meridians of the polar case. The next 
step is to mark with a point on the tracing paper each 
intersection of the meridians and parallels on the equa- 
torial case. It is clear that the points so obtained bear a 
direct relation to the meridians and parallels of the polar 
graticule, and any such point can be readily defined. 

A polar equal-area graticule is next made on the 
same scale as the stereographic graticule. Reference to 
the cases already described on pages 57 and 41 will show 
that the distances between the parallels in the latter case 
increase away from the Pole, whereas in the former 
case they decrease — in other words, the two sets of 
circles are not coincident. But the points obtained on 
the tracing paper can easily be placed in their same 
relative positions on the equal-area graticule. For 
example, if a point on the tracing is in the middle of 
any one rectangle, its new place on the equal-area 
graticule will be in the middle of the corresponding 
rectangle. Having moved aU points in this way, the 
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final network — ^the zenithal equal-area — can be traced 
off or pricked through by joining up with curves the 
points thus plotted. 



Fig. 78. — Zenithal Equal-area Map of the Western Hemisphere. 

This result could have been obtained similarly by the 
use of the orthographic projection, or if the whole 
hemisphere were not required, by the use of the gno- 
monic. However, trial will soon show that the com- 
pression in the one case and expansion in the other 
render these projections very unsuitable. The stereo- 
graphic is far and away the best. 
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In man^ atlases — ^notably Diercke — maps of large 
areas are often shown on the zenithal equal-area projec- 
tion when the plane of the projection is oblique. That 
is to say, the plane on which the projection is made is 
not tangent to the Earth at the Equator or Poles, but 
at some point between them. This is a more difficult 
case. A glance at any such map will show that both 
meridians and parallels are curves and not arcs of circles. 

By means of the oblique gnomonic projection this 
oblique equal-area network can. be obtained. It is 
rather a tedious process and needs care. 

The steps are similar to those in the case already 
described. First, make an oblique gnomonic (page 123) 
on the required plane and scale. Next, make a series of 
circles with radii equal to the distances of the parallels 
from the centre of the map. (In Plate III, C is the 
centre of the map, and the radii referred to are the 
distances C to 50® N., C to 60 ^ N., etc., 'along the looth 
meridian.) From the common centre of these circles, 
draw radii at intervals corresponding to the intervals of 
longitude on the required map. It is important to note 
that these radii and circles do not represent a projection 
and are only a means of obtaining the final result. 

Having made this network, place it over the original 
gnomonic projection so that their centres coincide and also 
the central meridian of the gnomonic coincides with any 
radius of the other. Then mark through the points of 
intersection of meridians and parallels as before. (If the 
circles do not cover all the area required, more can be 
drawn at radii equal to the next succeeding radii on 
the gnomonic projection, if that were made to include a 
greater area.) 

Next make a polar zenithal equal-area graticule on 
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Plate VIII. — Oblique Zenithal Equal-area Projection — Eurasia, 


STUDY OF MAP PROJECTIONS 

the same scale and transpose on to it the points of 
intersection marked on the temporarj graticule. 

Finally, join up these points, and an equal-area network 
is obtained. In this case, however, great care must be 
taken in marking the new positions of the points, because 
the spacing of the set of circles renders the process rather 
difficult. 

Similarly, equatorial and oblique graticules can be 
constructed for other projections — e.g. Sir H. James’s, 
Airy’s, Clark’s, etc. (See also pages 196 and 198, and also 
Chapter XIII for other Transformational Methods.) 

[An interesting development of Airy’s projection is 
given by H. J. Andrews in thf Geographical Journah 
Vol. 92, 1938, page 537.] 
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METHOD OF CONSTRUCTING AITOFF’S PROJECTION FROM 
THE EQUATORIAL ZENITHAL EQUAL-AREA PROJECTION 

The method here employed is that given in Hinks’s 
Map Projections. A zenithal equal-area projection of a 
hemisphere is constructed as for a point on the Equator. 
A plane making an angle of 6o° with the projection is 

A M B K 


M' 


Fig. 79.— Construction of Aitoff’s Projection* 

then passed through the central meridian on the map. 
Consequently, if a point on the zenithal equal-area pro- 
jection be projected vertically from the Equator on to 
this plane, it will be twice as far from the central meridian 
as it was formerly. 
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In fig. 79 let ABA' be the Equator of the zenithal 
equal-area projection, and BC and BC' two planes 
making angles of 6o° with it. Let M be any point 
on the Equator ; M' is its position on the plane BC, 
if projected vertically from AA. But by trigonometry 
BM' = BM sec 6o° : and as sec 6o° = 2;oooo, it follows 
that BM' = zBM ; similarly for any other point so 
projected. 

But the length of the central meridian on the 
equal-area projection and on the subsequent Aitoff 
remains the same. Hence parallels of latitude are 
spaced similarly on the central meridian of each 
projection. 

However, by measurement from the Equator and 
from the central meridian the co-ordinates of any point 
on the zenithal equal-area projection are easily found. 
If we call the central meridian they axis, and the Equator 
the X axis, we can define points on the zenithal equal- 
area projection. To build the Aitoff, double the x 
co-ordinate and maintain the y co-ordinate unaltered, 
the origin being the intersection of the two axes. Then, 
by joining corresponding points, meridians and parallels 
can be drawn in. 

The projection is an equal- area projection — ^the 
mode of projection from an equal-area graticule has not 
affected this property. This can be seen in part from 
the previous diagram. Suppose M were in 50° W. long. 
Then call M', the projection of M, 100° W. Thus by 
halving the scale in longitude — ^i.e. making K^(KB = KM') 
50° W. — and keeping the latitude scale constant, the 
projection remains equal-area. 


1 . 


K on final map corresponds to M on equal-area map. 
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CONSTRUCTING AITOFFS PROJECTION 

This projection has one advantage over the somewhat 
similar Mollweide — ^that the parallels and the meridians 
are curves, and so the intersection angles between parallels 
and meridians are not so greatly distorted toward the 
edges of the map. It is very suitable for World maps, 
especially for those showing distributions. At present 
it is not common in British atlases, but is frequently 
found in Continental atlases 
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CHAPTER IX 

THE PARABOLIC AND RELATED PROJECTIONS 

This new and interesting projection of the whole sphere 
was designed by Colonel Craster, who first described it in 
the Geographical Journal (VoL 74, 1929, p. 471). The 
construction of the projection involves, perhaps, rather 
more mathematical knowledge than is assumed in this 
book, but the main principles of the construction are 
comparatively simple. 

It is an equal-area projection, and is intermediate 
between the Sinusoidal and the Mollweide projections. 
The parallels are straight lines, and the meridians are 
parabolas. The distortion in Polar and Temperate 
latitudes is less than in Mollweide because the meridians 
and parallels do not intersect at such acute angles, and the 
shape is far more pleasing than the Sinusoidal. It is a 
projection which may, therefore, be used for world maps 
showing distributions, and it is to be hoped that it will 
come into use in ordinary atlases (see Plate X). 

In fig. 80, CP represents half the central meridian of 
the projection, and EC half of the Equator. 

Hence, CP = 90° of latitude 
and EC = 180° of longitude along the Equator = 2 CP. 
EQP is a parabola representing the meridian 180° 
from CP. 

The equation for a parabola is = ax, where a is & 
constant to be determined. 
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EC is tie X axis ; ES the y axis. 

For simplicity, take the length CP as one unit of 
length. 

Then, at the point P, = 2 and y == I. 

So to satisfy the equation y* = ax^ we must have ^ = -f ; 

y2 = - • X = zy^. 

Thus the curve EQP can be plotted by giving arbitrary 
values to y and calcula- 
ting the corresponding ^ 
values for x. 

The area EQPC on w 
the projection must be 
made equal to one 
quarter of the area of ^ 

the whole sphere, i.e. go. — Method of constructing 

ttR^, where R is the the Parabolic Projection, 

radius of the sphere. 

Since the curve EQP is a parabola, the area of EQPC 
is ~ of the rectangle ESPC 

or - EC X PC. 

3 

But EC = 2PC, and PC = i unit. 

.'. area EQPC = 

3 

But the corresponding area on the sphere is ttR®. 

.*. ■rcRi' = i . . . (i) and R = 

3 V 3 ^ 

R = 0-65147 X PC units. 

Values of PC can be determined from this equation for 
any given value of R. 


P 
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The next step is to determine the distances of the 
parallels from the Equator. 

Take an7 point Q, whose latitude is (j>. The area 
EQVC must be made equal to the corresponding area on 
the sphere. 

2 2 

Area EQT is - area ET X QT = - xy, where x and y 

are the co-ordinates of the point Q. 

The area of the rectangle TQVC is TC X VC 
= (EC - ET) X VC 
= (2 — x)y 


= 2y — xy. 

Therefore the area EQVC = 


-j^xy zy — xy 


= 2y — -xy 


zy 


since x= zy^ 


The area of a zone on the sphere is 2 tcRA, 
and A = R sin (see page 18). 

.% area of half the zone = tcR^ sin 

But tcR 2 = -j so the area of half the zone is - sin 6 . 

3 3. 

By equating the area of EQVC to this we get 




But sin <j> 


^ sin - — 4 sin® -. 


A 


So the equation becomes zy — -y^ = 4 sin ~ ^ sin^ ^ . 

From inspection it will be seen that this equation is 
satisfied by the value y = 2 sin 
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In this equation y gives the distance from the Equator 
of any parallel of latitude <f>. And from the equation 
X = 2y® the lengths of each parallel as measured from 
CP, the central meridian, can be calculated. 

These distances and lengths for each 5° intervals of 
latitude are given in the appended table. 

To find the positions of the other meridians, divide each 
parallel into 36 equal parts, and then draw smooth curves 
through the corresponding points of division on each 
parallel. 

Table showing distances of parallels from the Equator, 
and the length of each parallel. The length of thf: 
Central Meridian, CP, is taien as unity. 


Latitude. 

Distance from 
Equator. 

Length of parallel 
measured from 
Central Meridian. 

Latitude. 

Distance from 
Equator. 

Length of parallel 
measured from 
Central Meridian. 

5 ® i 

0*058169 

1-993233 

50° 

0*573606 

1*341951 

10® 

0*116290 

1-972953 

55° 

0*629089 

1*208493 

15° 

0*174311 

1*939231 

60® 

0*684040 

1*064178 

20° 

0*232186 

1*892179 

65° 

0*738412 

0*909492 

25 '’ 

0*289864 

1-831958 

70° 

0*792160 

0*744966 

30° 

0*347296 

1.758770 

75 ° 

0-845237 

O-571150 

35 ° 

0*404435 

1*672864 

80° 

0-897599 

0*388634 

40° 

0*461232 

1-574530 

85° 

0*949201 

0*198035 

45 ° 

0-5 17638, 

1*464102 

90° 

I *000000 

0-000000 


The Parabolic Projection is one of a series. The 
simplest equal-area projection of the whole sphere is the 
Sinusoidal, but this can be closely imitated if the sine 
curve is replaced by a hyperbola. No attempt will be 
made here to describe an example of the Hyperbolic 
projections : they are referred to because they form the 
first group of Craster’s series. In any case, the Sinusoidal 
will usually be preferred to them, because it is simpler to 
construct. The reader is referred to the table on page 176 
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which indicates the spacing of the parallels on certain 
selected types of this series of projections, including the 
case of the Hyperbolic which is nearest to the Sinusoidal. 
The spacing of the meridians on these projections is 
referred to below. 

The Parabolic Projection forms the second group of the 
series. By decreasing the eccentricity of the hyperbola, 
and mating it unity, the particular case of the parabolic 
already described is obtained. 

By a still further decrease in the eccentricity, the curves 
become ellipses. Mollweide’s Projection, described in 
Chapter V, may be taken as an illustration of this group 
and forms the last of the series. An Elliptical Projection 
(see table, p. 176) can also be constructed to imitate the 
Eumorphic Projection, of which an account is given 
below. 

In all these projections. Hyperbolic, Parabolic, and 
Elliptical, all the meridians, in every case, are like curves. 

Thus, all the meridians in the hyperbolic projections are 
hyperbolas, in the parabolic projection they are parabolas, 
and in the elliptical projection they are ellipses. In all 
these projections the parallels are truly divided, and the 
meridians may therefore be drawn as smooth curves 
through the points of division (Craster, loc, cit,). 

If, on the other hand, the eccentricity of the Hyperbolic 
projection is made infinitely great, the hyperbola becomes 
two straight lines, and the projection is rectilinear. 
Whilst such a projection is easy to draw, it possesses no 
real merits 

In the Geographical Journal (March 1929), Whittemore 
Boggs described an equal-area projection of the whole 
sphere which he called the Eumorphic Projection 
(Plate XI). It is an arithmetical mean between the 
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Sinusoidal and Mollweide (fig. 8i). For example, in 
computing the 90th meridian from the centre in this 
projection, the first step is to take the arithmetic means 
between the Sinusoidal and Mollweide graticules for each 
parallel of latitude. A formula is then derived for 



Fig. 81. — Relations between the Eumorphic, Sinusoidal, and Mollweide 
Projections. (After Whittemore Boggs, loc. cit.) 


(i.e. east-west distances) so that strict equality of area is 
maintained, i.e. the area enclosed by the curve is pre- 
cisely the same as that enclosed by the corresponding 
curves on the Sinusoidal and Mollweide networks. In 
this way the following table is obtained for plotting the 
90th meridian from a sphere of unit radius : 
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X 

y 


X 

y 

Lat. 0 

1-490450 

0-000000 

Lat. 50 

1*041960 

0-895537 

,, 10 

1-472335 

0 - 1^753 

60 

0-846496 

1*061226 

,, 20 

1-418091 

0-366372 

„ 70 

0*615121 

1*218648 

„ 30 

1-328006 

0-546698 

,, So 

0*343191 

1-364746 

„ 40 

1*202494 

0-723524 

90 

0*000000 

1-490450 


By this means the serious inequality of linear scales, 
so conspicuous near the Equator on Mollweide, is 
reduced. Similarly, the linear scales in the zone between 
6o° and 75° are improved. Angular distortion is also less 
in this projection than it is in the Sinusoidal below 62°, 
but it exceeds that of Mollweide because it is not possible 
in this projection to improve on both the inequality of 
linear scales and angular distortion at the same time. 
Above 62°, however, the angular error in this projection 
is less than in Mollweide. This projection also lends 
itself to “ interruption.” 


TABLE GIVING DISTANCES OF THE PARALLELS FROM THE 
EQUATOR ON CERTAIN PROJECTIONS 


Lat. , 

Sanson. 

Hyperbolic 

nearest 

Sanson. 

Parabolic. 

Eumorphic. 

Elliptical 

nearest 

Eumorphic. 

Mollweide. 

10° 

O-IIII 

0 -III 2 

0*1163 i 

0*1234 

0*1233 

0*1368 

20° 

0*2222 

0-2224 

0-2322 

0*2458 

0*2456 

0-2720 

30° 

0-3333 

0-3338 

0-3473 

0*3668 

0*3662 

0*4040 

40° 

0-4444 

0-4454 

0*4612 j 

0-4854 

0*4840 

0*5310 

50° 

0-5556 

0*5571 

0-5736 

0*6009 

0*5982 

0*6512 

60° 

0*6667 

0-6688 

0*6840 

0*7119 

0*7079 

0*7624 

70° 

0-7778 

0*7800 

0*7921 

0*8177 

0*8122 

0-8620 

So° 

0*8889 

0-8906 

0*8976 

0*9159 

0*9099 

0-9454 

90° 

I -oooo 

I -oooo 

1*0000 

1*0000 

I *0000 

I *0000 

R 

0*63662 

0-63662 

0-65147 

0*67094 

0*67094 

0*70711 


(After Craster, loc. cit.) 


Amongst all of these projections Mollweide has one 
feature peculiar to it. It is the only one in which the 
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meridian curves pass continuously through the Poles. 
In all the others there is a break, or discontinuity, at these 
points. Conventionally, this may be a reason for pre- 
ferring the Mollweide, but we are, perhaps, all too con- 
servative in our atlases. It would be a very good thing if 
a greater variety of projections came into everyday use. 

[Those interested in Elliptical Projections will find four others 
described mathematically in Comptes Rendus du Congres Interna- 
tional de Geographies VarsovUs 1934, Tome I, page 15 1, 1935. 
The author is Professor R. V. Putnins of Riga. 

An equal-area projection of the whole sphere on one sheet is also 
described by Eckert-GreifendorfF in RetermanrC s Mitteilungeny 
81, 1935, page 190. A full co-ordinate table is given for plotting 
every tenth parallel and meridian. The parallels are curves, but 
not evenly spaced on the central meridian, the latitude interval 
decreasing slightly polewards ; the meridians are curves almost 
equally spaced on the Equator.^ The general effect is pleasing, 
but somewhat resembles Aitoff’s Projections. The 1 80th meridian 
is a smooth curve, so that there is no ‘‘ apex ” at the poles. 

It is doubtful if this projection possesses any real advantage over 
Mollweide’s or Aitoff’s graticules.] 

The spacing decreases very slightly from the centre of the map. 
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CHAPTER X 

OTHER CONICAL PROJECTIONS 

There are several other conical projections which are 
of some interest but which are not used very much. 
The simplest is the Conical Equal-area with One Standard 
Parallel. In this projection the pole of the cone and the 
pole of the Earth are coincident. As in all conicals, 
the scale on the parallels is. incorrect except on the 
standard parallel. 

The conical equal-area is so modified that the meridian 
scale is incorrect in inverse proportion to the latitude 
scale. The parallels are not equally spaced, and are 
farther apart on the poleward side of the standard 
parallel and nearer together on the equatorial side. 
Thus exaggeration tabes place in a north and south 
direction on the one side and in an east and west direction 
on the other side of the standard parallel. For this 
reason it is not of any great use. 

This projection is often called Lambert’s Conical 
Equal-area Projection. 

There are two ways of approaching its construction. 
It may be derived directly from the Simple Conic, in 
which case the apex of the cone will not coincide with 
the pole which (as in the simple conic) will be an arc 
whose length will depend upon the parallel chosen as 
standard. Or, the projection may be so made that the 
apex of the cone and the pole will coincide. Case I 
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resolves itself into the problem of representing the area 
of a zone or belt of a sphere on a cone. (See pp. 15 and 
16 et seq) 

Let n be the constant of the cone and suppose is the 
radius of any parallel of latitude drawn on the cone, with 
the apex as centre. 

Then the area on the cone bounded by that parallel is 

If is any other parallel, then the area bounded by it is 

.•.the strip round the cone bounded by these parallels is : 
mzr^ — mtr^ = mz(r^ — r-^) 

On page 1 8, the area of a zone or belt on the sphere was 
shown to be ztuR^ sin ^ where ^ represents the latitude of 
the bounding parallel. 

If two parallels, <^o corresponding to Tq and be 

taken, then the area of the enclosed strip is : 

27 rR^ sin — 2 tcR 2 sin = zttR^ (sin — sin ^q). 

Hence, in order to make the projection equal area, the 
areas on the cone and the sphere must be equated : 
mz — r-^) — zttR^ (sin — sin <j>^. 

But n, the constant of the cone, in the simple conic 
= sin (f) (see page 72), and Tq the radius of the standard 
parallel = R cot (I)q, Substituting these values in the 
equation given above, we have : 

7c sin <^Q (R2 cot^ ^0 — = 27:R^ (sin <f>j^ — sin ^q) 

and sin </>q (R^ cot^ (j!>o — ^1^) = ^R^ sin — zR^ sin 

Dividing both sides by sin we have : 
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and n = R \/ cot^ 2 — — 

' sm ^0 

From this equation the radius of anj^ other parallel can 
be found. 

Case II. The problem in this case turns upon obtain- 
ing an equation between the area of a segment of a sphere 
and part (or all) of a cone. 

The area of the segment of a sphere is the area of a great 
circle multiplied by the altitude of the segment (page 18). 
Therefore area = 27 tR X (R — R sin 4 >) 

= 2tcR® (i — sin ^). 

But I — sin ^ = I — cos 1 

= I — (i — 2 sin^ ix) 

(since cos 2A =1 — 2 sin** A) 

= 2 sin® ix- 

Therefore whole area of segment 
= 27 i:R® X 2 sin® -ix 
= 411: R® X sin® ix- 

But the corresponding area of a cone = «7tr®, where n 
is the constant of the cone. 

Thus we obtain the foEowing equation : 

n-Kf^ = 47tR® sin® 4 x • • . • (i) 

The projection, however, is to have one parallel correct 
to scale. CaU this parallel <^q. 

The length of such a parallel 011 the globe is 271R cos 
And the length of the same parallel on the cone or on 
the projection is 

Equating these expressions, we have ; 
mr^n = 27 tR cos <f>Q 
and = R cos 

= R sin xo 

' = 2R sin ixo cos 4 xo 
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If now we divide (i) by (2) we have * : 

— 4 ^R^ sin^ iXo 

wfo 2R sin -IXo cos iXo 

andro=. 4 -^^ sin^ iXo 

2 R Sin Ixo ixo 
_ 2R sin ixo 
cos fxo 

= 2R tan ixo • • • • (3) 

We have to find n by substituting (3) in (2) : 

n = sin ixo cos ixo iXo 

2R sin ixo 
= cos2 Ixo- 

Finallx, to find a general expression for the radius of any 
parallel substitute in (i) : 

cos^ iXo ^ = 47 rR^ sin® ix 

f® = 4R® sin® ix sec® 4 xo 
r = 2R sin 4 x sec ixo 

Albers^ Conical Equal-area has two standard parallels. 
The construction is more difficult. The apex of the 
cone and the pole of the Earth are no longer coincident ; 
the pole on the projection is represented by an arc of 
finite length. Both meridian and parallel scales are in 
inverse proportion to one another in order that the 
projection may be equal-area. Between the two standard 
parallels the scale along the meridians is too large, outside 
them it is too small, and this defect increases with distance 
from the standard parallels. 

^0* 

Xo- 

where <j>Q = standard parallel 

= co-latitude of the standard parallel 
and fo = radius of the standard parallel on the projection. 
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The following means of construction may be found 
useful : 

Let (f)i and latitudes of the two standard 

parallels ; and be their radii on the projection,* and 
n he the constant of the cone.' It is necessary first of all 
to find n in terms of cf>^ and 

The area of the strip of a cone between the circles 
representing latitudes and is : 

nnTj^ — mzr2^ = niz (r^ — 

The area of the zone of a sphere between two parallels 

and ^2 is : 

zttR^ sin ^2 — 27 tR^ sin = zttR^ (sin <j>2 — sin 

Hence for the projection to be equal area : 
mz — r^) = (sin ^i) • • • (i) 

On the projection the lengths of the parallels cf>^ and ^2 
will be : 

niTvr^ and nzizr^ 

These are standard parallels and must be their true 
length, thus : 

n2nrj = 2tuR cos and mnr^ = 2tcR cos 02 

. Rco^ R^os^ ^ 

n n ' ' 

By substituting these values in equation (i) we have : 

/R^ cos^ (f>, R* cos^ T )9 / • j -IS 

« 7 t j = 27 rR 2 (sin <f>^ - sin<^i) 


1 R^ cos^ <f>-, — R^ cos® Aa r), / • , 

and ^ = 2R® (sin 


sin 


* If ^2 represents a higher latitude than then is less than r^. 
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... n = ^1 ~ *^2 

2 (sin ^2 — sin^i) 

— ^ ~ (^ ~ ^2) 

2 (sin ^2 — sin <f>;^ 

_ — sin* + sin* <f>2 
2 (sin ^2 — sin <l>^ 

sin* <j>2 — sin* (j>i 

2 (sin ^2 — sin 

(sini^2 — sin^j) (sin^ 2 r^ii 5 ^) 

2 (sin <j>2 — sin 
= i (sin 1^2 + sin 

Substituting the value for n in equation (2), we have : 

r = _JLS2 ^i and ^2 = . ^ 

^ i (sin 4- sin <t>^ i (sin -f sin ^2) 

To find the radius of any other parallel — say<^3 — ^we have -: 

area on map = m (r^ — r^*) 

area on sphere = 27 rR* (sin <f>j^ — sin ^3) 

Hence rmr^ — nizr-y = 2i^R* (sin — sin ^3) 

and nr^ = nr-^ + 2R* (sin — sin ^3) 

. 2 _ + 2R* (sin — sin ^3) 

. . r3 _ _ 

and r = a ~ ^s) 

Conical Orthomorphic Projections 

In any orthomorphic projection parallels and meridians 
must intersect at right angles, and at any point the scale 
must be the same in all directions. In the conical 
orthomorphic projections with one or two standard 
parallels the meridians are radii of the circular arcs, 

183 



STUDY OF MAP PROJECTIONS 


and hence meridians and parallels intersect at right 
angles. 

The true length of any parallel on the globe is 27rR cos 
or 27 i:R sin where x is the co-latitude. 

The length of the parallel on the projection is znrfiy 
where r is the radius with which the parallel is drawn and 
n is the constant of the cone. 

The scale along the parallel is then 
ZTzrn rn 

27cR sin X R sin x 

and, in order that the projection shall be orthomorphic 
this must also be the corresponding scale along the 
meridians where they intersect this parallel. 

In the ordinary simple conic projection with one 
standard parallel (see page 72), ^ = sin ^ or cos . x> and 
since the parallel is its true length on the projection 
ZTi:rn = 2tc;R sin x (l)« 

But, in the conical orthomorphic projection with one 
standard parallel, meridian and parallel scales must be 
made equal at any intersection, and therefore a scale 
factor must be introduced. This step involves the 
Calculus and will be omitted here.^ If, however, r is 
given the value m (tan i x)”> where m is the scale factor, 
we may re-write (i) as follows : 

27znm (tan i xY = 27cR sin x 


and 


R sin X 

^ = '^irtanT xr- 


^ In order that orthomorphism may be obtained, the condition may 

be expressed by the differential equation from which it 

can be shown that r m (tan J xT- Readers unfamiliar with the Calculus 
may take this for granted ; those more mathematically inclined will be 
able to prove it for themselves. 
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This gives us a means of spacing the parallels, which 
become farther apart on either side of the standard parallel. 

If two parallels are made true to scale there are obvious 
advantages. Suppose Xi X2 co-latitudes of 

the two parallels chosen as standards. Then, as before, 
r = m (tan i xT 

and 2 T:nm (tan Xi)“ = ^ttR sin Xi 
and 27 znm (tan f X2)” = ^ttR sin Xa 
. (tan ir XiT ^ sin Xi 
(tan i X2)'' sin Xg* 

Applying logarithms we have 

n (log tan -J- Xi — log tan f X2) = log sin Xi — log sin X2 

and n = ~ 

log tan ixi — long tan i Xz 

Also, as in the previous case, 

^ == R sin xi ^ R sin Xz 
n (tan i Xi)” « (tan i Xg)”" 

The projection can now be drawn as the radii of the 
two standard parallels are known. 

In the conical orthomorphic projection with two 
standard parallels the meridians are straight lines radiating 
from an apex which is the pole. The parallels are chosen, 
usually, at about one-sixth and five-sixths of the distance 
from the northern (or southern) border of the area to be 
mapped. Between the standards the scale is too small ; 
outside them it is too large. 

In general, the projection is suitable for areas having a 
mainly east to west extent. In a map of the United 
States, scale 1/5,000,000, standard parallels 33° and 45*^ 
N. lat., the maximum scale error between 30*5° and 
47*5° N. lat. is one half of i per cent. A maximum 
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scale error is found in the south of Florida. For the map 
of France used by the Allies, the maximum scale errors 
did not exceed one part in two thousand, and the angles 
measured on the maps were practically the same as those 
on the ground. But scale error increases with increase of 
latitude. Areas are, of course, quite wrong in ortho- 
morphic projections. 

This projection was used in Debes’s atlas for maps of 
Russia, the Mediterranean Basin, Europe, and Australia, 
but its merits were not fully appreciated until it was 
rejuvenated by the Allies early in the War. 

Deetz and Adams, from whose account (Special Publi- 
cation No. 68, U.S. Coast and Geodetic Survey) some 
of the foregoing facts were taken, also note that the great 
circle course from Cape Hatteras to the English Channel 
departs only 15*6 sea-miles from a straight line on the 
map in a total distance of some 3,200 miles. The course 
lies between the standard parallels — 36"^ and 54° N. lat. : 
scale 1/10,000,000. Further, the computed distance 
between Pittsburgh and Constantinople is 5,277 miles ; 
measured on the graphic scale of the map the distance is 
5,258 miles — i.e. an error of less than four-tenths of i 
per cent. 

The construction of the projection from tables is a 
simple matter, either by direct drawing with a beam- 
compass or by co-ordinates. 

The conical orthomorphic projection with one standard 
parallel is of less use. 

[Those interested in Conical Projections should con- 
sult Hinks, Geographical Journal^ Vol. 97, 1941, page 358, 
for an account of Murdoch’s Third Projection ; see also 
Close, A Sketch on the Subject of Map Projections^ H.M. 
Stationery Office, 1901, page 29.] 
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CHAPTER XI 

PART I. THE ONE-IN-A-MILLION MAP 

This map, of international importance, is constructed 
on a modified form of the polyconic projection. In 
the ordinary polyconic the meridians were curves 
obtained by passing lines through a series of points on 
the parallels. In the International Map the meridians 
are straight lines. The parallels are arcs of circles whose 
centres are situated on the central meridian produced. 
There are many projections which differ very little 
from one another, and it was found that within the 
limits of the individual sheets of the International Map 
it was better to discard absolute equivalence of area or 
exact orthomorphism in favour of a projection which 
lent itself to easy construction and which enabled 
adjoining sheets to fit one another correctly. These 
conditions were found to be satisfied by modifying the 
ordinary polyconic so that the meridians were straight 
lines. 

Each sheet of the map is plotted quite independently 
on its own central meridian, and this meridian is a 
straight line. The top and bottom parallels of a given 
sheet are arcs of circles, and their centres are on the pro- 
longation of the central meridian. These two parallels 
are constructed from tables. As in the ordinary polyconic, 
the parallels of latitude are not concentric arcs. Having 
drawn in the top and bottom parallels of a given sheet 
(these two parallels correspond to the north and south 
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edges of the sheet), divide them truly as if they were 
ordinary parallels on the unmodified polyconic. Then 
join points on these two parallels by straight lines to 
represent the meridians. One further modification is 
made. In the simple polyconic the only meridian true 
to scale is the central meridian. In the International 
Map two meridians on each sheet are correct. These 
meridians are 2° E. and W. of the central meridian 
of each sheet respectively. In order to mate these 




Fig. 8z. — Arrangement of Sheets on the One-in-a-Million Map. 

correct, it follows that the central meridian must no 
longer remain true to scale. 

In this way the parallels of the sheet are, as it were, 
shifted toward one another so that they become their 
true distance apart along the two meridians instead of 
along the centre one. The scale along the central 
meridian is thus too small. 

By this method of construction it is possible to make 
adjoining sheets ^ fit. If a series of nine neighbouring 
sheets (arranged as in the figs. 82^ and 82^') are con- 

^ Each sheet covers 4° of latitude and 6® of longitude, and in latitudes 
higher than 60®, 12^^ of longitude. 
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sidered, it will be seen that while it is impossible to 
make all fit exactl75 they can be so arranged that those 
bordering one another along their east and west margins 
will fit, because these sheets are drawn on the same 
radii ; and also sheets north and south of one another 
will fit along their common margin. It is clear that if 
more sheets than nine are used, it is not possible to join 
them with any pretence to accuracy. 

The great merits of the International Map projection 
are, then, that it is easy to construct, and, because each 
sheet is complete within itself, it is a relatively simple 
matter to make tables to cover all possible cases. Further, 
within the limits of a single sheet the effects of contrac- 
tion and expansion of the paper are sufficient to outw^eigh 
an exact equivalence of area or true orthomorphism, so 
that any sheet may be considered as approximately 
fulfilling both these conditions, at any rate for all 
practical purposes. 

PART 2 . ORDNANCE SURVEY MAPS 

Projection on Cassini’s Rectangular Co-ordinate 

System 

This is in part a form of cylindrical projection : the 
cylinder is supposed tangent to the globe along the 
central meridian of the area to be mapped. In order 
to make the map, first choose a central meridian and 
fix on some point — — for the centre of the map. In 
order to find the position of any other point, say Y, the 
following process is employed. From Y suppose a great 
circle be drawn perpendicular to the central meridian, 
and let it meet it at K. Now calculate the lengths of 
YK and XK on the Earth’s surface. This is done by 
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means of spherical trigonometrp, and then the distances 
YK and XK are plotted directly. In other words, the 
great-circle distances YK and XK (fig. 83) are re- 
presented on the map by two straight lines (to scale) at 
right angles to one another — ^they are, in fact, the rect- 
angular co-ordinates of the point Y on a plane. Each 
point of intersection of meridian and parallel is so 
plotted on one large sheet. The sheet is then cut up 
into conveniently sized parts. Because all these parts fit 

together to make one sheet, the 
sheets fit one another along their 
edges. 

In the case of Great Britain, 
the errors which are, of necessity, 
introduced are not too great. 
On any one of the single sheets 
the curvature of the meridian 
is not noticeable. The central 
meridian is true to scale, but 
the other meridians are too 
long ; in other words, scale north 
and south is exaggerated on aU 
but the central meridian. This 
can be seen quite easily : the 
central meridian is a straight line correctly divided. 
The other meridians are lines passed through a series of 
points on the parallels, and plotted by rectangular co- 
ordinates. As the distance between meridians decreases 
polewards, the meridians on the map are curved, and 
therefore longer than the central meridian. The fact 
that the meridians are curved is in itself a disadvantage. 
The separate sheets of the Ordnance Survey, however, 
are rectangular, therefore their edges are not parallel 

iqo 


K 


Fig, 83. — Cassini’s Pro- 
jection. 
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with the meridians. The deviation of the sheet edge 
from the meridian increases with distance from the 
central meridian and maj^ reach as much as 4°. Both 
the I -inch map of England and the 6-inch map of 
the United Kingdom are plotted on this proiection. 

[For a clear outline, involving spherical trigonometry, of 
the details of construction of the Cassini Soldner Projec- 
tion, see a short paper by Lieutenant-Colonel J. E. E. 
Craster in The Empire Survey Review^ Vol. II, page 493.] 



CHAPTER XII 

SOME NEW AND UNUSUAL PROJECTIONS 

In recent years a good deal of interest has been taken in 
projections. The Parabolic and related graticules have 
already been described, but in the following notes no 
attempt will be made to explain the mathematical con- 
structions involved in the projections described. How- 
ever, in a book of this sort, some brief descriptions seem 
to be called for. Although a few of these projections are 
special cases of those already described, it seems best to 
include them in this chapter rather than to add them as 
notes after the normal cases. The student is not then 
worried by unnecessary detail, and can concentrate on the 
more usual developments. If the reader is interested in 
obtaining further details, he can consult the original 
sources which are given in brackets ; 

The Transverse Mollweide 

The Transverse Mollweide is so made that the Equator 
of the normal case becomes the central meridian of the 
transverse case, and the Poles are, therefore, turned 
through an angle of 90°. 

The normal case of this projection has been described 
in detail, and its merits and demerits mentioned. The 
transverse case gives a good representation of the lands 
around the Poles, but the Equator of the projection under- 
goes a sudden change, forming not only the boundary of 
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Plate XII. — ^The Transverse Mollweide, 
(After Close, loc. ciL) 
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the graticule, but also the horizontal straight line through 
the centre. Neither parallels nor meridians are simple 
curves, but the property of equivalence of area is main- 
tained. If a suitable meridian is chosen, the British 
Empire is well portrayed. (See Plate XII.) (For details 
see Ordnance Purvey Professional Pafer^ 1927.) 


The Oblique Mollweide 

The first description of the oblique case was given by J. 
Fairgrieve {Geography^ Autumn 1928, p. 528), who tried 
to solve the problem of how best to show the British 
Empire on one sheet so as to bring out the following 
essential facts : {a) The axis ’’ of the Empire as a great 
circle from the Bahamas to New Zealand ; (b) the import- 
ance of strategic positions near this axis; and {c) the 
comparative strategical importance of the exterior lands. 
To do this he used a Mollweide Projection, in which the 
ends oi the minor axis are situated in latitudes 45° N. 
and S., and the particular map he drew had these points 
fixed in N. lat. 45® and E. long. 150^^, and S. lat. 45° 
and W. long. 30°. Through these points, or any other 
pair, an infinite number of such projections can be 
drawn, but for the purpose Fairgrieve had in view, the 
most suitable was that in which the minor axis is the 
great circle passing through the Equator and 48° E. 
long. 

This projection was later investigated by Sir Charles 
Close (Geogr. Journ-, 73, 1929, p. 251), who also com- 
puted the co-ordinates of a graticule with 30° intervals 
between parallels and meridians. As a result of his 
investigation, Close found : 

(i) ‘‘ The old central circle remains a meridian on the 
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new projection, and it is the meridian 90° from the 
“ principal meridian ” (see Plate XIII). 

(2) “ The principal meridian ma^ be defined as that 
which passes through the centre of the bounding ellipse ; 
this principal meridian and the Equator of the new 
projection are similar curves, inverted with respect to each 
other, each passing through the centre of the ellipse and 
each terminating at the ends of the major axis.” 

(3) “ The new parallels of 0°, 30°, and 60° north touch 
the old parallels of 45° north and south, 15° south and 
75° north, and 15° north and 75° south ; and similarly 
with the southern parallels” (loc cit., page 251). For 
further details the reader is referred to the paper cited. 

Professor C. B. Fawcett has described a simple and 
relatively accurate means of obtaining the network for 
the oblique case of the Mollweide by a transformation 
method.^ 

Take an ordinary blackboard globe and mark on it, in 
fine lines, circles of latitude and longitude. It will be 
found best to take a small interval, say 5°. Choose a 
great circle which is to “set ” the required projection; 
mark this on the globe. Then, with reference to this 
circle, construct, at the same interval decided upon for 
the meridians and parallels, two other sets of great and 
small circles which may be regarded as “ meridians ” and 
“ parallels ” based upon the selected great circle. This 
will be comparatively easy to do, once the positions of the 
new “ poles ” have been marked on the globe. 

Then, on the normal Mollweide projection, assuming 
that its parallels and meridians correspond to the oblique 

* Appendix y m A Political Geography of the British Empire, Univer- 
sit;^ of London Press, 1933. 
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Fig. 84. — ^Thc Transverse Mercator Projection. 
(After Deetz and Adams, loc, cit.) 


STUDY OF MAP PROJECTIONS 

“ meridians ” and “ parallels ” drawn on the globe, mark 
all the intersections of the true meridians and parallels' 
just as in any other transformational method. Join corre- 
sponding points by smooth curves, and the resulting 
network is that of the oblique Mollweide projection. 

The Oblique Cylindrical Equal-area Projection 

An interesting development of obhque projections is 
given by the Rev. H. Poole in the Geographical Journal, 
Vol. 83, page 142. This particular projection may also 
be obtained by a transformation method similar to that 
described by Fawcett for the Oblique Mollweide. Take 
a blackboard globe with closely spaced, and finely drawn, 
meridians and parallels. Adopt any great circle for the 
required map, e.g. a great circle passing through 30° N. 
lat. and 0° E. and lat. 30° S. and 180° E., and cutting 
the Equator at 90° E. and 90° W. With this as a 
“ standard parallel ” draw on the globe a series of “ paral- 
lels ” and “ meridians ” based on it. Transfer to an 
ordinary cylindrical equal-area map^ the intersections 
of the true circles (i.e. place them on the projection 
in the same relative positions to the meridians and 
parallels as they already occupy on the globe). Through 
these points draw in smooth curves which will be the 
required latitudes and longitudes of the oblique projec- 
tion. The same process may be applied to the simple 
cylindrical projection with one or two standard parallels, 
and also to the cylindrical equal-area projection with two 
standard parallels. The choice of standards can be made 
so as to give best results for the purpose required. In this 

^ Assuming that, as in the Oblique Mollweide, the meridians 
and parallels of the map correspond to the oblique “ meridians ” and 
“ parallels ” of the globe. 
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way an approach to Eumorphism ” is obtained along the 
selected parallels. The map, as drawn by Poole, gives a 
useful picture of the world to show empire air routesd 

The Transverse Mercator 
In the ordinary development of the Mercator Pro- 
jection, the cylinder on which the projection is made 
touches the globe along the Equator. In the trans- 
verse case the cylinder touches the* globe along any 
meridian. In fig. 84 the relation of a T ransverse Mercator 
to a normal case is shown, the latter being turned through 
90^ in azimuth. Thus, the meridians of the normal case 
appear as horizontal straight lines and the parallels as 
vertical lines. It will be noticed also that the vertical 
meridian of the transverse case is the Equator of the 
normal projection. Further, the numbers of the new 
meridians are the complements of the numbers of the 
parallels in the original graticule : the same relation 
holds between the parallels in the transverse case and the 
meridians in the normal. The new projection is 
symmetrical about the Equator on the Central Meridian. 
Special tables have been drawn up to enable the rapid 
plotting of this projection. (See Special Publication 
No. 67, U.S. Coast and Geodetic Survey y and also C. H. 
Deetz and O. S. Adams, ‘^Elements of Map Projection,’’ 
[ 7 . 5 . Coast and Geodetic Survey y Special Publication No. 68, 
1921.) 

The Transverse Mercator has, of recent years, become 
of increasing importance as a projection for topographical 
maps of comparatively small areas, for which alone it is 
used. Those colonies which use this projection choose 

1 Colonel Sir C. Arden-Close has described an oblique rectangular 
cylindrical projection in the Geographical Journal^ Vol. 97, 1941, 
page 349. His note is illustrated by a map. 
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two or more standard meridians, so tiiat the distortion 
is reduced to a minimum, even at the expense of a lack of 
fit between sheets. It is the orthoraorphic form of the 
Cassini projection. 


Note on a Modified Mercator suitable for the 
England-Australia Air Route 


In the Geographical Journal, Vol. 86, page 446, the 
Rev. H. Poole has shown that a modification of Merca- 
tor’s projection can be made so that it is approximately 
equidistant as well as orthomorphic along a selected 
loxodrome. 

The latitude of the points where the meridians (drawn 
at selected intervals — say 10°) are cut by the loxodrome 
is calculated. In any 10° rectangle on the ordinary 
Mercator map, in which any sector of the loxodrome is the 
diagonal, find the factor which will reduce the average 
north-south (meridian) scale of this rectangle to one 
between the Equator and 10° N. or S. lat. 

Reduce the meridian intervals in these proportions and 
the parallel intervals to equal the interval between the 
Equator and 10° N. or S. lat. ; e.g. with Mildenhall 
and Melbourne as the terminals, and 1° on the Equator as 
our unit, the distances of Mildenhall and Melbourne 
from the Equator on the Mercator map are ; 61-09 
41*08 units. The loxodrome between these two places 
cuts the Equator at 86° i' E. and will be inclined 


to it at an angle whose tangent is 


61-09 -|- 4 1-08 

145 


or 0-7046,* 


* The geographical co-ordinates of Mildenhall and Melbourne are ; 
E. 0°, N. 52° and E. 145°, S. 38°, to the nearest degree. 
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where 145° is the difference in longitude between Milden- 
hall and Melbourne. 

Taking 10° as meridian and parallel interval, it follows 
that each point where the loxodrome intersects the meri- 
dians is 7-046 units nearer or farther from the Equator. 
That part of the loxodrome between 0° long, and 10° E. 
long, also lies between 52° N. and 47° 27' N., i.e. ex- 
tending over 4° 33' or 4°-55 of latitude. But this is 
represented on a Mercator map by a latitude interval of 
7-046 units, so the “ vertical ” (i.e. meridional) scale, in 
this section, must be reduced in the ratio 7-046/4-55. 

By the adopted spacing of parallels and meridians at 
10°, the space between parallels is the same as the distance 
of 10° from the Equator on the projection, or 10-05 
units. It follows that the scale between 0° and 10° E. 
must be reduced in the ratio 7-046/4-55 X 1-005; i.e., the 
plotted interval between meridians 0° and 10° will be 
10 X 4-55 X 1-005 „ 

^ « •+ 9 ' 

Other values are found similarly. The resulting 
graticule is approximately true to scale, as well as con- 
formal, near the loxodrome but not elsewhere. 

Retro-Azimuthal Projections 

Ordinary azimuthal projections give true azimuths from 
the centre of the map. Retro-azimuthal Projections, on 
the other hand, give the azimuth of the centre from any 
point. There are clearly certain advantages in such 
projections, but from the point of view of the geographer 
they are perhaps of interest rather than of real value. 

The Mecca Retro-Azimuthal Projection was first 
described by J. I. Craig (Survey Department, Map Pro- 
jections, Cairo, 1909), and it enables a map to be drawn 

H* 
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which, gives the true bearing of Mecca from ever^ point 
on the map. Craig made his meridians equidistant 
parallel straight lines, correctly spaced on the Equator, 
or in the latitude of Mecca. The straight line on the 
map from any place to Mecca is not the projection of a 
loxodrome, and, further, the parallels generally do not 
intersect the meridians at right angles. Consequently, 
azimuths must be measured from the meridian line. 
But Craig’s projection cannot be extended to include a 
hemisphere, and the Stereographic, which is also retro- 
azimuthal (see A. R. Hinks, Geogr. Journ., 73, 1929, page 
245), cannot include the whole sphere. Further, in this 
class of projections, retro-azimuths must be measured 
from the tangent to the curved meridian through the 
point. 

E. A. Reeves {Geogr. Journ., 73, 1929, page 247) has 
given a short description of a chart in which the bearing 
of Rugby can be read off for all parts of the world. 
Reeves took as his basis an Admiralty Mercator Chart 
of the world on which he drew curves of Equal Reverse 
Azimuth from Rugby. The resulting chart bore some 
similarity to a chart showing lines of equal magnetic 
variation for the world. All places on a given curve have 
the same true bearing to Rugby. The curves are drawn 
at 5° intervals, and are reckoned always from the north, 
east or west, up to 180°. Reeves has also published a 
“ True Bearing and Distance Diagram ” (in R.G.S. 
Technical Series, No. 3). From this diagram it is possible 
to obtain the bearing of any place on the earth from any 
other place, and this diagram was used in the con- 
struction of the Rugby chart. Similar charts can be made 
for any other place. 

Reeves’s “ Rugby Diagram” was made the basis of an 
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Interesting and somewhat amusing investigation hy 
A. R. Hinlcs (Geo^r. Jotirn,, 73, 1929, page 245), who 
constructed a retro-azimuthal projection for the whole 
sphere. Rugby was chosen as the centre of this pro- 
jection, though another was made with Malabar as 
centre (see plates in , paper referred to). The result 
was somewhat extraordinary. The antipodes of Rugby 
is represented by a circle, with Rugby as centre, bounding 
the projection. The North and South Poles are con- 
centric circles, and there is a large blank area inside the 
projection which is no part of it at all ! “ And what is 
more interesting, we have a construction wLich satisfies 
the definition of a map projection, that it will be an 
orderly arrangement of meridians and parallels, though 
upon it one cannot possibly draw a map, because in 
parts it is so to speak folded back on itself, and we have 
areas reversed and superposed on others ” (Hinks, 
loc. cit). Any point can be made the centre of the 
projection, but the results are no less astonishing. 
When, for example, the centre is near the equator, the 
circles representing the north and south polar circles 
coalesce at half the radius of the antipodal circle, and a 
straight line of finite length represents the Equator.^ 

Maurer’s Orthodromic, or the Two-Point Azimuthal 
Projection 

This is an interesting development obtained from the 
ordinary Gnomonic Projection. Until 1922 it was 
believed that the Gnomonic was the only projection on 
which great circles could be represented as straight lines. 
Maurer, however, has shown that the Gnomonic can be 
modified by expansion ” or “ compression ” in any 

1 See also Sir C. Arden-Close, “ A Polar-Azimuthal Retro-Azimuthal 
Projection,” Geogni'phicd Jourmil, Vol. 92, 1938, page 536. 
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direction in such a way that aU the co-ordinates in that 
direction are altered in a constant ratio. By doing this, 
straight lines still remain straight and the main property 
of the normal Gnomonic is unchanged. In this new 
projection not only are there two points at which 
straight lines represent great circles, but also at which 
azimuths to all other points are correct. Hence, it is 
of great value in plotting wireless waves arriving at two 
stations, and for finding the source of the waves (see 
Zeit. fiir Vermessungswesen, January 1922, and . also Sir 
Charles Close, Geography, Summer 1927). 

The Two-Point Equidistant Projection 

This interesting projection is due to Sir Charles Close 
{Geogr. Journ., 57, 1921, page 446). The main feature 
of the projection is that the two straight-line distances 
between any arbitrary point and two fixed points are 
correct. If a sailor is plying between, say, Yokohama 
and San Francisco, no matter how much he deviates 
from his course, he can obtain his true distance from 
either of those places by direct measurement on the 
map from his own position to these two fixed points. 
On the projection the great circle joining the two fixed 
points is a straight line true to scale. When the Pole is 
one of the fixed points, the parallels are concentric circles 
at their true distances apart, and the meridian through 
the other point is also a straight line true to scale. The 
other meridians are curved. Fig. 85 shows this pro- 
jection developed for the North Atlantic, New York 
and Land’s End being the two fixed points. 

The general nature of the construction is given by 
Sir Charles Close as follows : “ Select the two points, 
plot their distance apart as a straight line, true to scale. 
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To find the position on paper of any other point of known 
latitude and longitude, calculate by spherical or spher- 
oidal methods the distances of this point from the two 
chosen points. The intersection of these two distances. 



Fig. 85. — The Tvvo-Po'nt Equidistant Projection of the North Atlantic. 
(After Close, he. cit.) 


measured from the two original points, will give the 
position, on paper, of the new point. The position can 
also be plotted by co-ordinates ” {Geography, Summer 
1927, page 108). 
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In the Geographical Journal, Vol. 83, page 144, Sir 
Charles Close has expanded the Two-point Equidistant 
Projection to include the whole earth. Two points are 
chosen and plotted at their rectified distance apart. If 
the two chosen points are made to merge into one, we 
have the normal equidistant projection. If the two 
points are i8o° apart, the sphere becomes a straight line. 
A mean case (see plate following Close’s paper) gives an 
interesting map. Two points on the Equator are chosen, 
each 45° from the central meridian. Adopting the rule 
that no line measured on the sphere shall exceed 1 80°, it 
is possible to represent 270° on the Equator as a straight 
line, i.e. 135° on either side of the central meridian, which 
is a straight line at right angles to the Equator. The 
northern and southern extreinities of the central meridian 
are fixed by the intersection of two straight lines, 135° 
long, measured from the two fixed points. This makes 
the direct distance of the boundary from the Equator 
along the central meridian 127° 28'. The meridians 45° 
E. and 45° W. are drawn from the two fixed points, 
and are complete circles of radius 90°. They intersect 
at the poles which are 77°-94 from the Equator as measured 
on the central meridian. The boundary of the projec- 
tion is the rest of the Equator, and is an ellipse whose 
major axis'is 270° and whose minor axis is 254°-56. The 
remaining intersections of meridians and paraUels are 
found by calculating the distances of each from the fixed 
points. A table is given for every 15° intersection. 

The projection gives a pleasing representation of the 
earth, and although considerable distortion occurs out- 
side the 90th meridian from the centre, it is no worse 
than on, say, Mollweide or the more conventional pro- 
jections, and for many areas it is less. All the continents 
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are shown, and only the Central Pacific area is 
omitted. 

A further modification (fieografhical Journal, Vol. 86, 
page 445) is outlined : the Tw'o-point Azimuthal 
Equidistant Projection, A special case is taken, and from 
a point on the Equator the azimuth, measured from the 
selected point on the Equator to the place and from the 
central meridian, is found. The polar distance to every 
point, measured as a straight line from the Pole, is true to 
the scale of latitudes. 

Modifications of the Polyconic Projection 
(a) The Rectangular Poly conic 

This projection, sometimes called the War Office 
projection, has its parallels constructed in exactly the 
same way as those in the ordinary Polyconic, but they are 
not all divided truly. The Equator is correctly divided, 
and the meridians are drawn as curves through the 
appropriate points on this line, and in such a way that 
they cut the remaining parallels at right angles. Usually 
meridian distances are too great, and those along the 
parallels too small. It is never used for more than one 
sheet of a topographical map, and it is neither ortho- 
morphic nor equal-area. 

{b) The Modified Rectangular Poly conic 

This is an improvement on the above, and was devised 
by G. T. McCaw. If a parallel other than the Equator 
is chosen for correct division, the scale error on the 
parallels is reduced, but this slight change does not 
affect the meridian scale. “ It then becomes a question 
whether the scale error on the parallel could be brought 
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up to the scale error on the meridian, thus making the 
projection orthomorphic ; we could then reduce the scale 
error over the whole map by making use of a scale factor 
in the ordinary way” (Geogr. Journ., 57, 1921, page 451). 

McCaw solved this problem, and so produced a 
projection which is a rectangular poly conic, and is to all 
intents and purposes orthomorphic. “ The modified 
projection is suitable for a meridional rather than a 
longitudinal configuration, but for areas whose total 
width does not exceed 40° of longitude it seems to be 
little, if any, inferior to the best forms of representation 
where the meridional extent is also considerable. The 
scale error is very much the same as that of the Trans- 
verse Mercator (Gauss Conformal). It would form an 
excellent projection for a general map of Egypt and the 
Anglo-Egyptian Sudan, or a country of similar propor- 
tions ” {loc. cit., page 454). 

[For further information on Polyconic Projections, see 
G. T. McCaw, Internat. Geog. Congr., Cambridge, 1928, 
pages 1 1 2-1 1 7. The possibility of using this Projection 
for a world map is there discussed.] 
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ADDITIONAL REMARKS ON TfL^NSFORMATIONAL 
PROCESSES 

The short accounts of the Oblique Mollweide and 
Oblique Cylindrical Projections will have shown that 
there are considerable possibilities implicit in the method 
of obtaining difficult graticules by transformational pro- 
cesses from a blackboard sphere. 

In recent years the oblique conical projection has also 
come into some prominence, and has been suggested as 
suitable for areas such as New Zealand and Japan. The 
direct construction is difficult and will not be attempted 
here. 

In the following notes, for which I am much indebted 
to Lieutenant-Colonel Craster, sufficient material is con- 
tained to enable the reader to draw fairly accurate 
graticules for this and other rather unusual projections. 

1. Select ruling points for your “standard parallel.”^ 
(Three points will be required for an oblique conical ; 
two for an oblique cylindrical or Mollweide.) 

2. On the blackboard sphere draw a circle through these 
points — a small circle for an oblique conical, a great circle 
for an oblique cylindrical. 

3. Draw, on the globe, the pole (or poles) of this circle. 

^ “ Standard parallel ” is used here to define, e.g., the great circle 
adopted to “ set ” the oblique cylindrical or the small circle which will be 
the ‘‘ standard parallel ” for an oblique conical. It will be appreciated 
that in neither case does it coincide with a true meridian or parallel. 
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4. Draw, on the globe, “ meridians ” radiating from 
this pole. 

5. Draw on the globe “ parallels ” correctly spaced on 
these “ meridians.” These “ parallels ” will be small 
circles on the globe, and their planes will all be parallel to 
the plane of the circle drawn in (2) above. 

6. The “ meridians ” (4) and “ parallels ” (5) are now 
the projection “ meridians ” and “ parallels ” of the 
oblique projection. 

7. On the blackboard sphere measure, with respect to 
th.& projection “latitude” and “longitude,” the points 
of intersection of the true parallels and meridians on the 
globe. 

8. Draw', on a sheet of paper, a graticule of the normal 
type of projection required — e.g. a simple conical with 
one standard parallel, a conical equal area with one 
standard parallel, a conical orthomorphic with one 
standard parallel. In each case use the small circle (2) as 
the “ standard ” parallel ; e.g. if the projection latitude 
(this must be found by trial and error) is, say, 50°, then 
draw the form of conical projection required with a 
standard parallel of 50°. 

If, on the other hand, a cylindrical projection is re- 
quired, draw the normal case of the type required on a 
sheet of paper using the great circle (2) as the “ equator ” 
of the graticule. 

9. On the graticule (8) plot the positions of the inter- 
sections of the trw meridians and parallels with respect to 
the projection “ latitudes ” and “ longitudes ” (7). 

10. Join up corresponding points (9) by smooth curves. 
These curves are the projections of the true meridians and 
parallels. The map is completed by copying from the 
globe on to these true meridians and parallels the 
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required. It should be noted that the method is not 
applicable to conical projections with two standard 
parallels. It will be appreciated that better results will 
be obtained if a small (e.g. 5°) interval between meridians 
and parallels is chosen. The time required to draw the 
desired graticule will,, however, be considerable. 

[In the Geographical Journal^ VoL 92, 1938, page 537, 
Lieut. -Col. J. E. E. Craster describes an Oblique Conical 
Orthomorphic Projection for New Zealand, and gives a 
representation of the map on a scale of 1/10,000,000.] 
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CHAPTER XIV 

FURTHER NOTES ON MERCATOR’S PROJECTION 
( a ) The Normal Case 

In Chapter X of Part I a general account is given of 
Mercator’s Projection, and in the note at the end of the 
chapter the spacing of the parallels is explained. In 
practice the parallels are usually drawn with the help of 
a table of Meridional Parts, These may be expressed in 
terms of a true sphere, as in Chambers's Mathematical 
Tables which are used in what follows, or in terms of a 
spheroid as in Germain’s Trahe d' Hydrographic and 
reprinted in Deetz and Adams’ Elements of Map Projec- 
tion. Meridional parts of a given latitude are the summa- 
tion of the varying latitude scale from the Equator to 
the required parallel, or they may be defined as the 
minutes of longitude scale between the Equator and the 
parallel. It follows, therefore, that the distance between 
any two lines of latitude is the difference of their meri- 
dional parts multiplied by the length on the chart or 
map of one minute of longitude. This can be illustrated 
simply by an example. Suppose we wish to construct a 
Mercator chart between 40° N. and 50° N., and 0° 
longitude and lo° E, longitude. The scale length of 1° 
of longitude is to be i inch. Draw XY to represent the 
parallel of 40° N. ; as it covers 10° of longitude it will be 
10 inches long. Divide it into inches. Mark off each 
meridian at intervals of i inch, and rule them as parallel 
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straight lines at right angles to XY. To find the distance 
of the next parallel (41® N.) from XY proceed as follows : 
Look up in the table of Meridional Parts the figures 
corresponding to 40° and 41°, take the difference and 
multiply it in this case by (If we had chosen the 
scale length of one degree of longitude as 2 inches, the 
multiplying fraction would have been and similarly 
for any other distance.) 

Thus, (2701-6 — 2622-7) X -^0 = i’3iS inches, which 
is the perpendicular distance between the parallels of 
40° and 41° N. Any other distance is calculated in the 
same way, and when these distances are laid off along one 
of the perpendiculars, representing the meridians, the 
parallels are drawn as* straight lines and the projection 
completed. 

If it is required to draw the chart to a given scale, e.g. 
I / 100 , 000 , 000 , first find the radius of the globe on this 
scale (2i inches), and then the length of the Equator, 
and also one or more degrees of longitude along it. As 
the distance between meridians on all parallels is made 
the same as that on the Equator, the remainder of the 
process is similar to that outlined above. It must be 
remembered that if the chart crosses the Equator the 
meridional parts of the two latitudes must be added, 
and the sum will be the meridional difference required. 

(h) Sailing and Flying Courses on Mercator’s Chart ^ 

It has been explained that a compass course (i.e. a 
Rhumb Line or Loxodrome) is a straight line on this 
chart. It will therefore be apparent that it is essential 

^ The methods used follow the procedure in Admiralty Manual of 
Navigation, Vol. II, 1938. 
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for a navigator to find his course accurately between two 
points. Whilst it is possible on a large-scale chart to 
measure off the angle directly with a protractor, it is 
obvious that this is not a very accurate method, and a 
relatively small error in angular measurement will give a 



considerable error in the final position if that is a long 
way from the start. 

Reference to fig. 85A will show how the course can be 
found on a chart. 

Let FT = the course. 

MT d'Long. ^ ^ 

Then = DJvTP: ^ (course). 

Suppose F (St. Helena)^ is in 15° 55' S. and 5° 44' W. ; 
and that T (Bermuda) is in 32° 19' N. and 64° 51' W. 
In order to obtain the course proceed as follows : 

^ In the examples the latitudes and longitudes have been taken from 
the index of Bartholomew’s ‘Ihe Oxford Advanced Atlas, 1931. 
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RHUMB LINE 


Lat. F 15° 55' S.; Merid. Pt. F 967-6; Long. F 5°44'W. 
Lat. T 32°I9'N.; Merid. Pt. T 2050-8 ; Long. T 64° 51' W. 
d'Lat. 48° 14'; D.M.P. ; 3018-4; d'Long. 59° 07' 


Multipl 7 -| 6 o 2894' 
mg 67 j 


-•- tan j ^ 354/ 

(course)] 3018-4 


3547' 

log 3547' = 3-5499 

log 3018-4 = 3-4797 

log tan (course) 0*0702 

= N.49°37'W. 
(true) 

= 310° 23' 


As the Rhumb Line is all important in navigation, it is 
usual to speak of the Rhumb Line distance between two 
places. In fig. 85 a the distance is FT, 

and FT = d'Lat. sec (course) 

= 2894 sec 49° 37' 
log 2894 = 3-4615 
log sec 49° 37' = 0-1884 
log distance = 3-6499 
.-. distance — 4466 nautical miles 


Suppose an aeroplane leaves Cambridge (52° 13' N.; 
0° 6' E.) and travels 5,000 miles oii a course of 113°. 
Where will it be at the end of its run ? 

From fig. 85A, d'Lat. = distance cos (course) 

= 5000 cos 67° (N.B. — 113° 

= S. 67° E.) 

log 5000 = 3-6990 
log cos 67° = 1-5919 
log d'Lat. = 3-2909 

antilog = 1954, and 

= 32° 34' as d'Lat. 
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From this the position of T can be found ; 

Lat. F (starting-point) = 52° 13' N. ; Merid. Pt. of F 

= 3686-4 

d'Lat. = 32° 34' 

Lat. of T = 19° 39' ; Merid. Pt. of T 

= 1202-8 


D.M.P. = 2483-6 

now d'Long. = D.M.P. tan (course) 

= 2483-6 tan 67° 

log 2483-6 = 3*3951 ; Long. F = 0° 6' E. 
log tan 67° = 0*3721 
log d'Long. = 3*7672 

d'Long. = 5851 = 97° 32' 


Long, of T = 
,*. Position of T = 


97° 38' 

1 19° 39' N. Lat. 
[97° 38' E. Long. 


The shortest distance between two places on a sphere 
is along the shorter arc of the Great Circle passing 
through them. To calculate this distance involves some 
knowledge of spherical trigonometrp with which we are 
not concerned in this book. However, for this purpose 
the calculation is so simple that it may be discussed 
briefly. 

If F and T are in the same hemisphere : 

PF = 90° — latitude of F = Colatitude of F 
PT = 90° — latitude of T = Colatitude of T 
angle FPT = d'Long. 

If F is in one hemisphere and T in the other : 

PF = 90° — latitude of F = Colatitude of F 
PT = 90° -|- latitude of T 

angle FPT = d'Long. 

If the Starting-point (F) be in the southern hemisphere, 
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then P' (the South Pole) must be substituted for P. For 
calculation of distances the usual ratios of the spherical 
triangle are not used because the cosine of an angle 
between 90° and 180° is negative, and so not suitable for 


P P 




Fig. 85B. — F and T both in 
Northern Hemisphere. 


Fig. 85c. — F and T in 
opposite hemispheres. 


logarithmic 

substituted. 


work. Hence the haversine formula is 
^Haversine A = ^ 


Omitting preliminar7 steps, this formula may be 
written hav FT = hav [(90° — Lat. F) ~ (90® dz Lat. T)] 
+ sin (90° — Lat. F) sin (90® d= Lat. T) hav (d'Long.).^ 
The last term may be written cos (Lat. F) cos (Lat. T) 
hav (d'Long.). To illustrate its use, we will apply the 
formula directly to the two examples given above. 


^ The sign means that the smaller quantity is subtracted from the 
greater when the quantities have the same sign, and that the two quanti- 
ties are added when they have opposite signs, e.g. when the places are 
north and south of the Equator. 
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In the first the positions of St. Helena and Bermuda 
were given as : 

15° 55' S. Lat. ; 5° 44' W. Long, 
and 32° 19' N. Lat. ; • 64° 51' W. Long. 


By the haversine formula : 

. d'Long. = 59° of ; log hav = i-3862 
PT = 74° 05' ; log sin = 1-9830 
PT = 57° 41' ; log sin = 1- 9269 
P'T = 122° 19' 1-2961 

Antilog = 0-1977 

PT P'T = 48° 14' 

and hav 48° 14' = 0-1669 
and hav FT = 0-3646 
the angular distance FT = 74*^ 17' 
and multiplying by 60 = 4>457 miles 

(approx.), 

a distance but little shorter than hy the Rhumb Line. 

In the second example both places are in the northern 
hemisphere : 


Cambridge (F) 


1 52° 13' N., and the point T f 19® 39' N. 
1 0° 6'E. t97°38'E. 


.-. d'Long. = 97° 32' ; log hav = 1-7525 
PF = 37° 47' ; log sin = i -7872 
PT = 70° 21' ; log sin = i-9739 

1-51^ 
antilog = 0-3263 
PF'-PT= 32°34' =0-0786 

(i.e. haversine) 
hav FT = 0-4049 
.-. angular distance = 79° 02' 

= 79° 02' X 60 

= 4,742 miles 
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As we are not concerned here with actual details of sea 
or air navigation there is lio need to go into further detail. 
It will suffice to say, especially in so far as the ship is 
■ concerned, that it is of the utmost importance to know 
how far north or south the great circle course will go. 
It is obvious that if it runs through ice-covered sea it 
cannot be followed, so in practice navigators must find 
the vertex of this great circle course. If this lies in 
impassable waters, the course followed will be a composite 
one, i.e. one following the great circle as nearly as possible 
but “ flattened ” so as to avoid ice, etc. Although there 
are mathematical ways of plotting the great circle course 
directly on a Mercator chart, the easiest way is to rule it 
as a straight line on a Gnomonic chart and then to transfer 
it by a reasonable number of points to the Mercator. The 
actual course sailed will then be along a series of chords to the 
great circle, because if the great circle were truly followed 
it would imply a constant alteration of the ship’s head. For 
aeroplane courses under, say, i,ooo miles, the compass 
course is not so very much longer than the great circle, and 
consequently the great circle course is seldom used. 

(c) The Transverse Mercator (Gauss Conformal) 

Fig. 84 shows the development of this projection for one 
hemisphere. The reader will find a graticule drawn for the 
whole sphere in the Geographical Journal, Vol. 97, 1941. 
It will be seen that as the projection is, relative to the 
normal case, turned through 90° the vertical meridian 
of the transverse case is the Equator of the original. It 
follows, too, that the numbers of the transverse meridians 
are the complements of the numbers of the parallels on 
the normal projection. Tables for plotting have been 
issued by the U.S. Coast and Geodetic Survey in their 
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special publication No. 67.^ This is in two parts : in 
part one are found the values of the azimuths from north, 
and in part two the great-circle central distances. This 
table allows us to obtain the intersections of lines of 
latitude and longitude. To the nearest minute the 
intersection of, e.g. lat. 10° and long. 10°, are : azimuth 
44° 34', radial distance 14° 06'. The azimuth, the 
equivalent of longitude in the original projection, is laid 
off upwards from the central point of fig. 84. The radial 
distance is the complement of the original latitude. 
Therefore, the intersection of 10° lat. and lo° long, lies in 
long. 44° 34' and lat. 75° 54' of the original projection. 
In practice there is no need to draw the original projec- 
tion (the dotted lines in fig. 84). To plot the intersec- 
tion in question, lap off 44° 34' vertically from the origin 
(i.e. the centre), and then the meridional distance of 
75® 54' to the right. Any other intersection is plotted 
similarly. It is clear from fig. 84 that if one quadrant is 
plotted, the other three are easily drawn in as the grati- 
cule is symmetrical both about the vertical and horizontal 
straight lines. 

Craig gave the name Gauss Conformal (= Orthomor- 
phic) to the projection which was adopted for the Survey 
of Egypt. It was originally designed by Gauss for the 
survey of Hanover. ■ “ The peculiarity which distin- 
guishes it from other orthomorphic projections is that 
the central meridian is true. The other meridians and 
the parallels are complex curves of which it is hard to give 
any geometrical account. The parallels diverge from one 
another on each side of the central meridian, and the scale 

^ I have made considerable use of Elements of Map Projection, C. H, 
Deetz and 0. S. Adams, Special Publication No. 68, U.S. Coast and 
Geodetic Survey. 
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lime maps are tepmluced. by kind permissiun 
of The Roval Geographical Society and A. A'. 
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OBLIQUE MERCATOR 

in the north and south direction becomes wrong very 
quickly away from that meridian” (Hinks, Map Pro- 
jections^ 1921). It will be noted in the following chapter 
that this projection has now been made the basis of the 
New Ordnance Survey of Great Britain. 

{ i ) The Oblique Case 

In the Geographical Journal^ VoL 92, 1938, H. J. 
Andrews published a note and a map of an oblique 
Mercator for Eurasia. It gives a pleasing map, but 
loxodromes are not straight lines on it. The problems 
of this interesting projection have been much more fully 
developed by A. R. Hinks {Geographical Journal^ VoL 95, 
194O5 and VoL 97, 1941). He began the investigation 
with a consideration of maps intended to decorate the 
British section at the proposed Polar Exhibition at 
Bergen. It is clear from a glance at the globe that the 
land masses are more closely related to the Poles than to 
the Equator. Neither the normal nor transverse Mer- 
cator projection is suitable for maps of the whole world 
on account of the enormous exaggeration in high latitudes 
of the one, and because the other is clearly not designed 
to show world relations which so often trend east and west. 
Hence, the oblique Mercator was used, and by varying 
the position of the poles of the projection many interesting 
possibilities came to light. The calculations are long, 
involved, and tedious, and need not concern us here, but 
anyone interested in projections should be fully aware of 
the appearance and nature, not only of the oblique 
Mercator, but also of the other oblique representations 
described in Chapter XII of Part IL 

Hinks’ first attempt was calculated for a pole ” 
situated at 3Si° N. and 150° E. The intersections for 
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every io° of latitude and longitude were plotted, and 
later a number of intermediate 5° intersections were 
found so that parallel and meridian curves could be more 
easily plotted when the spacing is wide. In his second 
paper Hinks reproduces six maps of the world on this 
projection. In each the “ poles ” have been taken in 
different places. The nature of the maps can be seen on 
Plate XIV, which he kindly allows me to reproduce. In 
A, the pole in 152° E. Long., the map shows very well the 
relations of the land masses to the geographical poles. 
In any form of Mercator map some continent must 
suffer ; in this case South America and Eastern Asia. In 
B the whole of the Pacific is good, and its relations with 
Europe are well seen. Map C can really only be shown 
on an oblique projection ; no globe or any ordinary map 
can give this aspect so well. South Africa, South and 
East Asia, and all the East Coast of the Pacific (the 
American coast) are in the belt of least distortion. Quite 
apart from technical details and calculations of Great 
Circle courses, it will be clear from a study of these three 
maps that the potentialities of this form of projection 
are considerable. New aspects, of the globe are at once 
apparent, and it is greatly to be hoped that it will not be 
long before these projections take their place in atlases. 
In the same article Hinks has demonstrated a compara- 
tively simple method of obtaining Great Circle courses 
on the oblique Mercator with the help of the transverse 
Mercator and a piece of tracing paper. 

W.S.N. PLOTTING CHARTS 
Attention may be called here to certain charts described and 
largely made by P. H. V. Weems.t The chief object of these 

^ Marine Navigation, P. H. V. Weems, Lieut. -Comdr., U.S. Navy ; 
Chapman & Hall, Ltd., 1941. 
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charts is to plot quickly and accurately Great Circle courses and 
distances. The whole world is not shown on any one chart, 
and that form of projection is chosen which best suits the navigation 
problems of the area under consideration. 

Chart No. i (30^^ N. to 30^ S. Lat.) is described as a 
Mercator projection developed on a cylinder intersecting the 


SCALE DISTORTION AND OTHER DATA ON W.S.N. CHARTS 


Chart No. 

Latitude 

N. or S. 

Projection Used. 

.. 

Standard 

Parallels. 

Latitude. 

Scale 

Distortion. 

I 

o“-30° 

Mercator 

15 “ 

0° 

* 3 , > 0 / 

3 4 /o 





15 ° 

0*0% 





25 ° 

+ 6-6% 





30° 

+ 11-2% 

2 

25°-55® 

Lambert 

33® 

25 ° 

+ 2-3% 




45° 

1 33° 

0-0% 





39 ° 

- o-3% 





45° 

0-0% 





55° 

+ 3-8% 

3 

50°-8o® 

Lambert 

55 ° 

50 ° 

+ 1-7% 




75 “ 

55° 

0-0% 





65 ^ 1 

- 1-5% 





75° 

0-0% 





80° 

+ 2-7% 

4 

75°-90® 

Stereographic 

85 ° 

75° 

+ 1-5% 





85 ° 

0-0% 





90° 

- 0-2% 


sphere at parallels of latitude 1 5°' N. and i S. These two 
parallels are true ; between them scale is slightly smaller than 
on the sphere ; outside them rather larger. In measuring 
distances the scale of the mean latitude between the two points 
must be used. 

Charts Nos. 2 and 3 (i.e. 25° to 55° Lat, and 50® to 80'' Lat) 
are on the Lambert projection developed on a cone. Two 
standard parallels are chosen in each (33° and 4.5° ; 55° and 75°). 
The cone intersects the sphere at the two standard parallels. As 
in Chart No. i scale between the standards is too small, outside 
them too big, but the variation is very slight, and a fixed scale can 
be used fairly accurately. 
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Chart No. 4 (i.e. 75° to 90° Lat.) is on a polar stereographic 
projection which apparently may be tangent at the pole, or may 
intersect the sphere at 85° N. or S. Inside this parallel the scale 
;s small, outside slightly large. The foregoing table gives some 
interesting data concerning these charts, which are referred to as 
the W.S.N. Chart Series. 
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CHAPTER XV 

A NOTE ON ORDNANCE SURVEY M-AP PROJECTIONS 
AND GRIDS 

All the maps of Great Britain published hj the Ordnance 
Survey are based on the 1/2500 survey (25-344 inches to 
one mile). This is not, strictly speaking, a national 
survey. It is a collection of county surveys. Each 
county was surveyed separately and the i /2500 plans of 
it form a continuous series terminating at the county 
boundary, the area beyond the boundary being left blank 
on the boundary plans. Some of the smaller counties 
were grouped together for projection purposes, and in 
these cases the sheets form a continuous series over the 
whole area covered by the projection, though for sales 
purposes each county is generally shown in a separate 
index. The method of projection is that known as 
Cassini’s (rectangular spheroidal). A point near the 
centre of the county was selected as origin and the 
meridian passing through this point forms one axis of the 
system. Positions of other points are defined by the 
perpendicular distance of the point from the meridian 
and the distance, along the meridian, of the foot of this 
perpendicular from the origin. On the earth’s surface 
the meridian and all such perpendiculars are curved lines 
and the perpendiculars converge to a point, the pole of 
the selected meridian. On the map all are plotted as 
straight lines and the perpendiculars become, of course, 
parallel straight lines. The projection therefore distorts, 
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or stretches, the topography in a roughly north and 
south direction by an amount which varies as the square 
of the distance from the central meridian. Within the 
limits of a county or group of small counties this distor- 
tion is negligible, but as the county surveys were done 
independently and never properly adjusted to one 
another, there are in some cases appreciable discrepancies 
at the junctions of the various projection systems due to 
accumulations of' small surveying errors. These dis- 
crepancies are seldom large enough to be apparent on 
the plotted map, but are quite appreciable when attempts 
have to be made to connect the triangulations of two 
systems. The 6-inch map is a direct reduction from the 
25-inch, and each full 6-inch sheet contains exactly 
sixteen 25-inch plans. Generally, however, the 6-inch 
sheets are sold in “ quarter ” sheets, ' each containing 
exactly four plans. On boundary sheets of the 6-inch 
map the area outside the county boundary is filled in 
from the surveys of the adjoining county to complete 
the sheet. 

The modern l-inch map, like the 6-inch map, has been 
produced by direct photographic reduction from the 
larger scales. In the case of the 6-inch map the 25-inch 
plans are reduced photographically to the scale of 12 
inches to i mile, and a fresh drawing, for further reduction 
to the 6-inch, is done on this scale. For the i-inch map 
the 6-inch plans are reduced photographically to 2 inches 
to I mile, and a new drawing is made on this scale on 
which certain features, such as the widths of roads, have 
to be slightly exaggerated. The original i-inch map, 
however, was quite independent of the 2 5 -inch survey, 
and was, in fact, started more than sixty years earlier. 
The Primary Triangulation of Great Britain, first started 
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as part of an international project for determining the 
figure and dimensions of the earth, was laid out as control 
only for the i-inch map. The i-inch map was projected 
on its own meridian so as to form a continuous series 
covering the whole of England and Wales. The i-inch 
map of Scotland was done later, on another meridian 
and on another projection (Bonne’s). The Primary 
Triangulation had not been fully computed and adjusted 
when the 2 5 -inch survey was started, and although points 
of the Primary Triangulation were in most cases used as 
origins for county surveys, the county triangulations had 
to be completed and brought into use before it was 
possible to adjust them into the primary system. About 
1870, by which time considerable progress had been 
made with the 25-inch survey, the i-inch map, which 
up to that time had been carried on independently, was 
remodelled and redrawn, as described above, by reduction 
from larger scales. Although the Cassini Projection used 
for the I-inch map of England and Wales was extended 
over the whole country, with a consequent substantial 
increase in the maximum distortion, the alterations 
thereby made to the topography were not plottable on 
the I-inch scale. 

In the 1914.-18 war it was found necessary, for 
artillery shooting, to obtain bearings and distances from 
the map with very considerable accuracy. Eventually 
these had to be calculated from co-ordinates, and it was 
found that a projection like the Cassini, which stretched 
the topography in one direction only and thereby dis- 
torted angles appreciably, was not so convenient as a 
projection of the orthomorphic type in which the 
distortions, though not diminished in magnitude, are at 
any point the same in all directions and consequently do 
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not distort angles observed at that point. When, there- 
fore, it was decided, shortly after the war, to redraw the 
I -inch map, the transverse Mercator projection was 
substituted for that of Cassini. In this projection, as in 
the Cassini, the magnitude of the distortion varies with 
the square of the distance from the central meridian, and 
is about one part in one thousand on the most distant 
parts of the east or west coasts. This “ error ’’ has been 
approximately halved by applying a scale factor ’’ to the 
whole projection ; this has the effect of making the 
representation about one part in two thousand too small 
along the central meridian and one part in two thousand 
too large along the east and west coasts, the scale being 
correct along two lines parallel to the central meridian 
at 200 kilometres distance on each side thereof. The 
central meridian for the transverse Mercator projection, 
on which it is proposed eventually to project all maps 
published by the Ordnance Survey, is the meridiaji 
2° W. of Greenwich. 

Another cartographic development of the war of 1914- 
18 was the use of grids for defining the positions of 
points. Prior to that war the i-inch and other small- 
scale Ordnance Survey maps were divided by fine lines 
into 2-inch squares, each line of squares being lettered 
in one margin and numbered in the margin adjoining, so 
that any square could be indicated by a combination of 
one letter and one number. No provision was, however, 
made for defining precisely the position of a point within 
a square, and as such indication was soon found necessary 
for war purposes, a system based on the subdivision of 
the side of a square into tenths, and eventually hun- 
dredths, was devised. Ultimately this developed into a 
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so-called grid/’ which is, in effect, a graphic represen- 
tation of the plane rectangular co-ordinate system used 
for defining the positions of trigonometrical points on 
the projection. 

Concurrently therefore with the change in projection 
of the I -inch map, it was decided to replace the system of 
2-inch squares, which could only be used in conjunction 
with a specified sheet, by a grid ” which would be 
continuous over the whole country, and which could be 
shown in various ways on maps of any scale. On military 
maps the grid was generally indicated by lines drawn 
parallel respectively to the two axes of the projection at 
intervals of i kilometre. On the new Ordnance i-inch 
map it was at first intended to draw the lines at 1,000- 
yard intervals, but it was later considered that the squares 
formed thereby would be too small and would give rise 
to objections from the public, and eventually it was 
decided to draw the lines at 5 -kilometre intervals only, 
thus covering the map with squares approximating in 
size to the 2-inch squares to which the public was 
accustomed, and denoted by “ map references ” based 
on the respective kilometric distances of the south-west 
corner of the square from the axes. This system of 5- 
kilometre squares is, however, not adapted for the sub- 
division of the sides of the square into tenths (on which 
all military map references are based), and it was never 
accepted by the military authorities. On the latest 
(6th) edition^ of the i-inch map the yard grid has been 
replaced by a kilometre grid and kilometre squares ; 

1 On the large sheets of the ^th edition of the i-inch map grid lines 
5,000 yards apart are overprinted in black. These must not be confused 
with the kilometric system of the new (ith edition. The system of 
references, however, applies similarly. 
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while on smaller scale maps, such as the f-inch, the grid 
will be shown by lines at lo-kilometre intervals forming 
squares of lo-kilometre sides. On the 1/2500 plans the 
lines will be at loo-metre intervals, and the grid square, 
though approximately the same size as the square on the 
f-inch map, will be of 100 metre sides only.^ For military 
purposes where it is considered important that there 
should be no possible ambiguity in the point indicated by 
a map reference, and where in writing or signalling 
messages abbreviations of the full reference may be 
necessary, the system of defining squares or positions by 
numbers only is modified by the use of letters in place of 
some of the figures. The method of using these letters 
is generally shown in the margin of the map. 

In this country on military maps the British Grid 
System was adopted in 1919, but was altered in 1927 to 
the Modified British System still in use (1942), in which 
the area is first divided into 500-kilometre squares, each 
of which has a letter. These large squares are subdivided 
into 25 squares of lOO-kilometre sides ; to each square is 
given a letter (except the letter I), and later these smaller 
squares are broken down into 1 00 squares each of whose 
sides measures 10 kilometres. On the 10 inches to i-mile 

^ Example , — The full co-ordinates of Salisbury spire are 414,298*4 
metres East and 129,532*0 metres North. Its map reference to 100 
kilometres is 41, to 10 kilometres 4112, to i kilometre 4141 29, and to a 
single metre 414298129532. It is shown on i /2500 plan No. 4141 29 and 
in square 25 of that plan. Within the limits of the plan its reference 
can be abbreviated to 25 (to 100 metres), 2953 (to 10 metres), or 298532 
(to single metres). It will appear on 1/25,000 plan No. 4112 and in 
square 49 of that plan. Within that square its reference can be abbreviated 
to 2953, or 298532 as above, while, within the plan, the abbreviations 
might be 49, 4295, 429953, or 42989532. 
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map the sides of the loo-kilometre squares are thickened ; 
the appropriate letter is shown in the middle of the 
square, and to its left is the (smaller) letter of the 500- 
kilometre square. Every fifth vertical and horizontal 
grid line is numbered, and this number therefore indi- 
cates the distance, in units of 10 kilometres, east and 
north of the south-west corner of the lOO-kilometre 
square. This is the point to which map references are 
normally made — e.g. m C 7241. 

On the J-inch map the grid is the same as on the 10 
inches to the mile map. As the scale is so much larger 
both the letters of the loo-kilometre squares and the 
numbers of the lo-kilometre squares are shown on the 
•map. The sides of the 100 kilometre squares are thick- 
ened, and the letters of the appropriate 500-kilometre 
squares are shown in brackets. Thus references are in 
the form — (m) C 7241, but the smaller letter is usually 
omitted. 

On the I -inch and larger scales letters referring to 500- 
and loo-kilometre squares are unnecessary. A diagram 
on the sheet margin shows how the particular sheet lies 
with respect to the bigger squares. On the i-inch map, 
the lo-kilometre squares are divided into 100 squares of 
I kilometre ; the sides of the lo-kilometre squares are 
thickened and all the grid lines are numbered. Hence, 
any reference gives the number of kilometres east and 
north of the south-west corner of a lo-kilometre 
square. To obtain precision, each side of a i -kilometre 
square is subdivided by eye (or by a small movable 
scale which can be readily made out of a piece of card 
or paper) into ten parts. Thus references can be given 
down to one-tenth of a kilometre (i.e. about no yards). 
The references are given in six figures, e.g. 533 ^ 75 * 
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If necessary the appropriate square letter may be 
given first 

Note . — ^The military grid in Great Britain is not the same as the new 
Ordnance Survey grid, and in order to avoid any danger of one being 
confused with the other, any i-inch maps published during the war 
with a kilometre grid will have all marginal grid line numbers obliterated 
or omitted. 

1 Manual of Map Readings Photo Reading, and Field Sketching, H.M, 
Stationery Office, 1939. 
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TABLE OF SUITABLE PROJECTIONS 
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Large Countries in i. Equal-area. Lambert’s Zenithal Equal-area. 

Temperate Lati- Conical Equal-area with One Standard Parallel. 
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e.g. Spain, Italy, As no particular advantage is gained by using a strictly equal-area projec- 

Great Britain, tion for an atlas map of a small country, the two following projections 

Scandinavia, etc. are usually quite suitable : 

2 . General. Simple Conic with One Standard Parallel. 

Simple Conic with Two Standard Parallels. 
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APPENDIX II 

ELEMENTARY TRIGONOMETRY 

The non-mathematician, when first introduced to the study of 
map projections, often feels appalled at the sight of the mathe- 
matical symbols that occur in nearly all boob on the subject. 
However, it is really surprising how little mathematical knowledge 
is required to render easy, not only the understanding, but also the 
construction of most of the projections in common use. 

At the outset, let us consider why we need trigonometry at 
all. By derivation the word means “the measurement of 
triangles.” In actual practice it is a means of linking up, as it 
were, the sides and angles of a triangle. There is no difficulty 
in measuring a line or an angle ; we want to go a step further : 
to find the lengths of the other sides and the size of other angles 
of a triangle about which we know, e.g. one side and two angles, 
or two sides and one angle, etc. Let us take a very simple example. 
A ladder leans against a vertical wall, and makes an angle of 
unknown size with the ground, which we will assume is horizontal. 
The distance of the foot of the ladder from the foot of the wall 
is 12 feet, and the ladder reaches a point 30 feet up the wall. At 
what angle does the ladder slope ? We know two facts — the 
distance of the ladder from the wall and the height of the top of 
the ladder above the ground. 

Call the wall BC, the ladder AB, and the ground AC, as in fig. 86. 

Suppose it were possible to shift the wall backwards and forwards 
so that it occupied the positions marked by the lines i, 2, and 3, 
but at the same time not altering the slope (i.e. the angle of 
inclination which the ladder makes with the ground) of the 
ladder, but allowing it to grow longer or shorter as the case may be. 

By doing this we have made several right-angled triangles, all 
of which have angles of the same value 
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In each separate case the height of the ladder up the wall 
varies, and also the distance of the foot of the ladder from the foot 
of the wall, but the slope does not alter. 

It will be seen from the figure that the angle BAG remains 
constant, wherever the wall may be. In other words, the ratio 
of the wall to the ground is a constant, 
and this ratio is called the tangent of the 
angle BAG. 

We can measure the slope by means of 
a protractor if we plot the figure to scale. 

But this is rather clumsy and — ^as we 
shall soon see — ^very unnecessary. 

Instead of doing this, let us express 
the distance which the ladder extends up 
the wall and the distance of its foot from 
the wall as a ratio, and write it BG/AG. 

We know BG = 30 feet, and AG = 12 
feet, or BC/AG = 2*5. 

If we call this ratio the tangent of the 
angle BAG we have made use of trigono- 
metry, and looking up in a table of tan- ^ 

gents the value of 2*5 expressed in degrees, ^ ^ 

we shall find it is (approximately) 68° 12' 86.--D i a g r a m 

— in other words, the ladder makes an ji^strating Appendix 

angle with the ground of 68° 12'. 

If we wish to find the length of the ladder itself in the particular 
case when its foot is 12 feet from the wall, its top 30 feet up the 
wall, we can make use of another ratio, or we can find it by means 
of Pythagoras’s Theorem ; ‘‘ That the square on the hypotenuse 
of a right-angled triangle is equal to the sum of the squares on the 
other two sides.” We can put this in the following form : 

AB-^ = AO -f BO 
and AB = VAO + BO 
= Vi 2^ + 30^ 

= 32*31 feet. 
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If we made use of trigonometry, the secant of the angle BAG 
isAB/AC. 

We know /BAG = 68° and from tables we find the 
secant of this angle is 2-6927. 

Therefore AB/AC = 2-6927 

and as AC = 12 feet, AB = AC X 2-6927 

= 12 feet X 2-6927 = 32-3124 feet 

We have now found the lengths of all the sides of the triangle 
and the value of the angle BAC. As we are dealing with a right- 
angled triangle, we know that the angle ABC = 90° — /BAC 

90° -- 68° 12' = 21° 48'. 

The triangle is now “ solved,” and simple trigonometry deals 

with the solution of triangles. 

In introducing the tangent 
and the secant in this 
example we have anticipated 
somewhat, in order to show 
the need for, and the uses 
of, elementary trigonometry. 
The following lines will deal 
with the matter in a more 
logical sequence. 

In the solution of right-angled triangles there are practically 
only three ratios to remember. In actual use there are six, but 
the second three are only the reciprocals of the first three. 

Let BAC be an acute angle. Take any point G in AC and 
erect the perpendicular QG. Then, on any scale, measure AG 
and QG, and work out the ratio QG/AG to two or three places of 
decimals. Do the same when G is taken in another part of AC. 
The values of AG and QG will change, but the ratio QG/AG 
will not. This ratio QG/AG is called the tangent of the angle 
BAC (fig. 87). 

Giving actual values, let us assume that the angle BAC = 30°, 
and AG = t !'. T'hen QG/AG = tangent of the angle 
BAC. 



Fig. 87.— Diagram illustrating 
Appendix IV. 
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Therefore QG == AG X tangent 30"^ 

= 2 X 0*5774 
= I-.I548. 

The next two ratios are the sine and cosine. Using the same 
figure as before and drawing QG perpendicular to AC, work 
out the ratios QG/AQ and AG/AQ. Do the same thing after 
altering the position of QG. It will be found that the ratios 
QG/AQ and AG/AQ remain the same. The ratio QG/AQ is 
called the sine of the angle BAG, and the ratio AG/AQ is called 
the cosine of the angle BAG. 

We may consider any right-angled triangle, and having one 
side and one angle 
given, we can find the 
other angles and sides 
— in other words, we 
can “ solve ” the 
triangle. 

Let ABC be such 

triangle with the 88.— Diagram illustrating Appendix IV. 

right angle at C and & rr 

angle BAG = 25°. AC = 2" (fig. 88). 

Now BC/AC = tangent of the angle BAG. 

Therefore BC = AC X tan 25® 

= 2 X 0-4663 
= o "-9326. 

Since the angle BAG = 25°, and angle 'EGA = 90°, the 
angle ABC = 90° — 25° = 65^ 

We can now find the third side, AB, by means of geometry. 

By Euclid i. 47 ; AB^ == AC=^ + BC- 
== 2^ + 0-93262 
^ 4-8 697 . 

and AB = ^4*8697 = 2 "‘ 20 j, 

However, it is inconvenient to have to resort to squares and 
square roots. It is here that the next three ratios are useful. 
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In the triangle ABC we have ; 

1. BC/AC = tan /BAG. 

2. BC/AB == sin /BAG. 

3. AC/AB == cos /BAG. 

In other words, tan /BAG = opposite side/adjacent side 
sin /BAG = opposite side/hypotenuse 
cos /BAG = adjacent side/hypotenuse. 

The reciprocals of these three ratios are, respectively, the 
cotangent (cot), the cosecant (cosec), and the secant (sec) of the 
angle BAG. 

Thus cot /BAG = adjacent side/opposite side 

cosec /BAG = hypotenuse/opposite side 
sec /BAG = hypotenuse/adjacent side. 

Any right-angled triangle can now be solved wholly by means 
of trigonometry. In the triangle ABC (fig. 88) we have AC = 2^, 
/BAG = 25^ and /BCA = 90^ 

Therefore /ABC = 65° 

and we have seen that BC = AC tan /BAC = 0 ^* 93 ^^* 

To find AB : By ratio AB/AC = sec /BAC 

therefore AB = AC sec 25^ 

= 2 X 1-1034 = 2"-2o68. 

One further point may be noted. So far reference has always 
been made to the angle BAC. The solution could have been 
made just as easily by means of the angle ABC (= 90° — 25°). 

In this case we have the following ratios, and if the reader 
wishes, it is quite easy to prove that they give the same results. 

1. AC/BC = tan /ABC, and BC/AC = cot /ABC. 

2. BC/AB = cos JaBC , and AB/BC = sec / AB C. 

3. AC/AB = sin /ABC, and AB/AC == cosec /ABC, 

In other words, the tangent (or sine or cosine) of the one 
angle is equal to the cotangent, etc., of its complement. 
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Circular Measure 


So far we have dealt with simple right-angled triangles. Let us 
now turn to another form of triangle — triangles in which one side 
is part of a circle and the other two sides radii. It is common 
knowledge that the diameter of any circle bears a certain proportion 
to the length of the circumference ; this proportion is called tt, and 

its true value is 3’i4i59265 , or approximately 3‘i4i6 or 31. 

! If any part of the circumference of a circle is considered, and 
the ends of the arc are joined by straight lines (radii) to the centre 
of the circle, we have a triangle, one of whose sides is curved. 
Such a figure (AOB, fig. 89) is 
called a “sector” of a circle. It 

follows that as the length of the arc \ ^ N. 

AB is increased or decreased^ so does r j \ \ 

the value of the angle AOB in- / \ 

crease or decrease — in fact, in the [sX y O • I 

same circle arcs are proportional to \ . / 

the angles which they subtend at \ / 

the centre. 

Now, if an arc be made of the o ta- -h 

, , , - riG. 89.— Diagram lUustrat- 

same length as the radius of a ing Appendix IV. 

circle, it subtends a constant angle 

at the centre- This constant angle is called a radian, and the 
value of I radian in degrees is 57*296. 

The proof of this is simple (fig. 89) : 

O is the centre of a circle of radius r 
Let arc AB = r. 

Whole circumference = 27 rr, but as AB = r, AB = i of 
the whole circumference. 

Further, as there are four right angles at the centre of any 
circle, the angle BOA = 1/277 of 4 right angles 
= 1/277 of 360° 

^ I X 360° 

“ 2 X 3-1416 
= 57 °* 296 . 
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In other words 0 , the angle subtended at the centre, is constant, 
no matter how great r is. 

Having found the value of a radian, we may define the circular 
measure of an angle — it is the number of radians which the 

angle contains. 

It has been shown that i radian 
= (i/ 27 t) X 360° 

= (i/tt) X 180®. 

From this it follows that = 

1 Q T jA 7 t/ 1 80 radians, and also the special case: 

\ J TT radians = 1 80% or 2 right angles. 

\ / Proceeding now to the more 

general aspect of the case, we have 

Fig. go-DiagramUlustrating % 9 ° the ^ngle BOA = B and 
Appendix IV. the radius OA = r. 

Call the arc BA, L 

It is required to prove that I = r 0 . 

Suppose /XOA = I radian. Since i radian is subtended by 
an arc equal to the radius of the circle, XA = r. 

Because arcs are proportional to 
the angles they subtend, 

and /BOA = 0 X /XOA 

therefore arc BA = 0 X arc XA 
or / = r0 

whence it follows that 0 = l\r 
and r — Ijd. 

Or, putting it another way, the 
circular measure of an angle sub- 
tended by an arc of the circum- 
ference at the centre of the circle 
is the ratio of the arc to the radius. 

A few examples will make this matter clear 

In fig. 91 let r = 3", and 9 = 30° 

Then I = rd 

=== 3 X 30® (in radians) 

= 3 X 0-5236 = i"-57o8 
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In fig. gi let arc XY = and r — 

Then 8 = Ijr = oi-'SlS = °-^323 = 47 'VS- 
Finally, suppose (fig- 91) 0 = 50°, and I — 4*. 
Then r = l/d == 4/0-8727 = 4"-6. 
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Al^TILOGARITHMS 








ANTILOGARITHMS 



Mean Differences. 


3 1 6>’vr/ir'>T/V"3'ft^”/rv2" 
3236 3243 3251 3258 3266 

3311 3319 3327 3334 3342 

3388 3396 3404 3412 3420 

3467 3475 3483 3491 3499 

3548 3556 3565 3573 3581 

3631 3639 3648 3656 3664 

3715 3724 3733 3741 3750 

3802 3811 3819 3828 3837 

389Q 3899 3908 3917 3926 

3981 3990 3999 4009 4018 

4074 4083 4093 4102 4111 

4169 4178 4188 4198 4207 

4266 4276 4285 4295 4305 

4365 4375 4385 4395 4406 

4467 4477 4487 4498 4508 

4571 4581 4592 4603 4613 

4677 4688 4699 4710 4721 

4786 4797 4808 4819 4831 

4898 4909 4920 4932 4943 

5012 5023 5035 5047 5058 

5129 5140 5152 5164 5176 

5248 5260 5272 5284 5297 

5370 5383 5395 5408 5420 

5495 5508 5521 5534 5546 

5623 5636 5649 5662 5675 

5754 5768 5781 5794 5808 

5888 5902 5916 5929 5943 ' 

6026 6039 6053 6067 6081 

6166 6180 6194 6209 6223 

6310 6324 6339 6353 6368 

6457 6471 6486 6501 6516 

6607 6622 6637 6653 6668 

6761 6776 6792 6808 6823 

6918 6934 6950 6966 6982 

7079 7096 7112 7129 7145 

7244 7261 7278 7295 7311 

7413 7430 7447 7464 7482 

7586 7603 7621 7638 7656 

7762 7780 7798 7816- 7834 

7943 7962 7980 7998 8017 

8128 8147 8166 8185 8204 

8318 8337 8356 8375 8395 

8511 8531 8551 8570 8590 

8710 8730 8750 8770 8790 

8913 8933 8954 8974 8995 

9120 9141 9162 9183 9204 

9333 9354 9376 9397 9419 

9550 9572 9594 9616 9638 

9772 9795 9817 9840 9863 


3199 3206 3214 3221 3228 
3273 3281 3289 3296 3304 
3350 3357 3365 3373 3381 
3428 3436 3443 3451 3459 
3508 3516 3524 3532 3540 

3589 3597 3606 3614 3622 
3673 3681 3690 3698 3707 
3758 3767 3776 3784 3793 
3846 3855 3864 3873 3882 
3936 3945 3954 3963 3972 

4027 4036 4046 4055 4064 
4121 4130 4140 4150 4159 
4217 4227 4236 4246 4256 
4315 4325 4335 4345 4355 
4416 4426 4436 4446 4457 

4519 4529 4539 4550 4560 
4624 4634 4645 4656 4667 
4732 4742 4753 4764 4775 
4842 4853 4864 4875 4887 
4955 4966 4977 4989 5000 

5070 5082 5093 5105 5117 
5188 5200 5212 5224 5236 
5309 5321 5333 5346 5358 ! 
5433 5445 5458 5470 5483 
5559 5572 5585 5598 5610 

5689 5702 5715 5728 5741 
5821 5834 5848 5861 5875 
5957 5970 5984 5998 6012 
6095 6109 6124 6138 6152 
6237 6252 6266 6281 6295 

6383 6397 6412 6427 6442 
6531 6546 6561 6577 6592 
6683 6699 6714 6730 6745 
6839 6855 6871 6887 6902 
6998 7015 7031 7047 7063 

7161 7178 7194 7211 7228 
7328 7345 7362 7379 7396 
7499 7516 7534 7551 7568 
7674 7691 7709 7727 7745 
7852 7870 7889 7907 7925 

8035 8054 8072 8091 8110 
8222 8241 8260 8279 8299 
8414 8433 8453 8472 8492 
8610 8630 8650 8670 8690 
8810 8831 8851 8872 8892 

9016 9036 9057 9078 9099 
9226 9247 9268 9290 9311 
9441 9462 9484 9506 9528 
9661 9683 9705 9727 9750 
9886 9908 9931 9954 9977 
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Angle. 

Log. 

Sines. 

Log. 

Cosines. 

Log. 

Tangents. 

Log. 

Cotangents. 

Log. 

Secants. 

Log. 

Cosecants. 

0° 

— 00 

0*0000 

— 00 

4-00 

0*0000 

4 -x 

I 

2*2419 

i *9999 

2*2419 

1-7581 

0*0001 

1*7581 

2 

2*5428 

i *9997 

2*5431 

1-4569 

0*0003 

1*4573 

3 

2*7188 

1*9994 

2*7194 

1*2806 

0*0006 

1*2812 

4 

2*8436 

1*9989 

2*8446 

1*1554 

0*0011 

1-1564 

5 

2*9403 

5-9983 

2*9420 

1*0580 

0*0017 

1*0597 

6 

1*0192 

1*9976 

i*02i6 

0*9784 

0*0024 

0*9808 

7 

1*0859 

1*9968 

1*0891 

0*9109 

0*0032 

0*9141 

8 

1-1436 

1*9958 

1-1478 

0*8522 

0*0042 

0*8564 
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1*1943 

1*9946 

1*1997 

0-8003 

0*0054 

0*8057 

10 

1*2397 

1*9934 

i *2463 

0*7537 

0*0066 

0*7603 

II 

1*2806 

1*9919 

1*2887 

0*7113 

o*oo8i 

0*7194 

12 

1*3179 

1*9904 

1*3275 

0*6725 

0-0096 

0*6821 

13 

1*3521 

1*9887 

5-3634 

0*6366 

0*0113 

0*6479 

14 

5-3837 

1*9869 

1-3968 

0*6032 

0*0131 

0*6163 

15 

1*4130 

1*9849 

1*4281 

0*5719 

0*0151 

0*5870 

i6 

1*4403 

1*9828 

i *4575 

0*5425 

0*0172 

0*5597 

17 

i-4659 

1*9806 

5-4853 

0*5147 

0*0194 

0*5341 

i8 

1*4900 

1*9782 

i-5118 

0*4882 

O*02i8 

0*5100 

19 

1*5126 

1*9757 

1*5370 

0*4630 

0*0243 

0-4874 

20 

1*5341 

1*9730 

1*5611 

0-4389 

0*0270 

0-4659 

21 

5-5543 

1-9702 

1*5842 

0*4158 

0*0298 

0*4457 

22 

5-5736 

1*9672 

I *6064 

0*3936 

0*0328 

0*4264 

23 

5-5919 

1*9640 

1*6279 

0*3721 

0*0360 

0*4081 

24 

1-6093 

1*9607 

1*6486 

0*3514 

0-0393 

0*3907 

25 

5-6259 

i '9573 

1*6687 

0*33x3 

0-0427 

0*3741 

26 

1*6418 

1*9537 

1*6882 

0*3118 

0-0463 

0*3582 

27 

1*6570 

1*9499 

1*7072 

0*2928 

0-0501 

0*3430 

28 

1*6716 

1*9459 

1*7257 

0*2743 

0-0541 

0*3284 

29 

1*6856 

1*9418 

1*7438 

0-2562 

0-0582 

0*3144 

30 

1*6990 

i *9375 

1*7614 

0-2386 

0-0625 

0*3010 

31 

1*7118 

5*9331 

1*7788 

0-2212 

0-0669 

0*2882 

32 

1*7242 

1*9284 

1-7958 

0-2042 

■ 0-0716 

0*2758 

33 

1*7361 

1*9236 1 

1-8125 

0-1875 

0-0764 

0*2639 

34 

1*7476 

1*9186 1 

1-8290 

0*1710 

0-0814 

0*2524 

35 

1-7586 

1*9134 

1-8452 

0*1548 

0-0866 

0*2414 

36 

1*7692 

1*9080 

1-8613 

0*1387 

0-0920 

0*2308 

37 

1*7795 

1*9023 

1-8771 

0*1229 

0-0977 

0*2205 

38 

5-7893 

1*8965 

1*8928 

0*1072 

0-1035 

0*2107 

39 

1-7989 

1*8905 

1*9084 

0*0916 

0-1095 

0*2011 

40 

i-8oSi 

1*8843 

1*9238 

0-0762 

0-II57 

0*1919 

41 

1*8169 

1-8778 

1*9392 

o*o 6 oS 

0*1222 

0*1831 

42 

1-8255 

1-8711 

x *9544 

0-0456 

0-12 89 

0*1745 

43 

5-8338 

1-8641 

1*9697 

0*0303 

0-1359 

0*1662 

44 

1*8418 

1-8569 

1*9848 

0-0152 

0*1431 

0*1582 



Angle. 

Sines. 

Log. 

Cosines. 

Log. 

Tangents. 

Log. 

Cotangents. 

Log. 

Secants. 

Log. 

Cosecants. 

45 ° 

46 

47 

48 

49 

1-8495 

1-8569 

1-8641 

i-8711 

1-8778 

1-8495 

1-8418 

1-8338 

1-8255 

1-8169 

0-0000 

0-0152 

0-0303 

0-0456 

o*o6oS 

0- oboo 
1*9848 

1- 9697 
5*9544 . 

5-9392 

0-1505 

0-1582 
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0-1289 

0-1222 
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51 
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0-1229 
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1*8928 

1-8771 

1*8613 
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0-2011 
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0-2308 

0*1157 

0-1095 

0*1035 

0-0977 

0*0920 

55 

56 

57 
5S 

59 

1-9134 

1-9186 

1-9236 

1-9284 

I- 933 I 

i-7586 

1-7476 

1-7361 

1-7242 

1-7118 

0-1548 

0-1710 

0*1875 

0-2042 

0*2212 

1-8452 

1-8290 

1-8125 

1-7958 

1-7788 

0-2414 

0*2524 

0-2639 

0*2758 

0-2S82 

0-0866 

0-0814 

0-0764. 

0-0716 

0-0669 

60 

61 

62 

63 

64 

i *9375 

i-9418 

1-9459 

1-9499 

1-9537 

1-6990 

1-6856 
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1-6418 

0-2386 

0-2562 

0-2743 

0-2928 

0-3118 

1-7614 

i '7438 

1-7257 

1-7072 

i-6882 

0-3010 

0-3144 

0-3284 

0-3430 

0-3582 

0-0625 

0*0582 

0*0541 

0-0501 

0-0463 

65 

66 

67 

68 

69 

1-9573 
i-9607 
i-9640 
i-9672 ! 

i-9702 1 
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Royal Air Force, Adoption of 
Projection by, 118 
Russia, 77, 214 

Sailing Routes, 102 
San Francisco, 102 
Sanson-Flamsteed or Sinusoidal 
Projection, 89, ill, 115, 1 1 8, 
156, 212, 213 
Scale, 3, 22 
Scandinavia, 77, 214 
Secant Conic Projection, 69, 78 
Sector, Area of, 12 
Shadow Maps, 7 
Shape. (See Orthomorphism) 
Simple Conic Projection with One 
Standard Parallel, 71, 118, 

214 

Rectangular Co-ordinates 

for, 93 

■ — with Two Standard Par- 
allels, 78, 1 1 5, 1 1 8, 214 
— Cylindrical Projection, 98 
Sine Curves, 113. (See also 
Bonne’s Projection) 

Sinusoidal or Sanson-Flamsteed 
Projection, 89, iii, 115, 118, 
156, 212, 213 

South America, 24, 89, 102, 109, 
III, 213 

Southampton, 103 
Spain, 214 

Sphere, Surface area' of, 16 


Square, Area of, lo 
Standard Parallel, 69 
Stereographic Projection, 39, 51, 
158, 212, 213 

Equatorial Case, 40, 41 

Oblique Case, 134 

Orthomorphism of, 140 

Polar Case, 28, 40 

— Projections, Simple Construc- 
tion of Large-scale, 138 
Suitable Projections, Table of, 212 
Systems of Projections, 7 

Table of Suitable Projections, 
212 

Tangent Plane, 7, 8 
Temperate Latitudes, Projections 
suitable for, 114 and 212 et seq. 
Ten Miles to the Inch Map of 
United Kingdom, 215 
Tetrahedron, Surface area of, 13 
Tokio, 212 

Topographic Maps, Projections 
for, 215 

Transformation Processes, 158, 196, 
198, 209 

Trans-Siberian Railway, 118 
Transverse Mercator, 97, 199, 

215 

Transverse Mollweide, 192 
Triangle, Area of, 10 
Trigonometry, 216 
Two-Point Azimuthal Projection 
of Maurer, 203 

Two-Point Equidistant Projection 
of Close, 204 

United States, Projections suitable 
for, 115, 116,214 

Van der Grinten’s Projection, 143, 
212 
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Wall MapSj 138, 212 et seq. 
Werner’s Projection, 89 
Wheat Areas, Projection suitable 
for, 1 15 

World Maps, 212 
Calculations for, 98, 100 


Zenithal Equal-area Projection, 
53, 1 16, 1 19, 212 et seq. 

— Equatorial Case, 160 


Zenithal Equal-area Projection, 
Oblique Case, 162 

Polar Case, 57, 58, 160 

•— Equidistant Projection, 53, 
I18, 119, 212 

Equatorial Case, 1 1 8, 160 

Oblique Case. (See Ch. 

VII, Part II) 

Polar Case, 54, 159 

— Projections, 8, 9, 28, 116, 159 
Zone, Surface area of, 18 
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A SYSTEMATIC REGIONAL GEOGRAPHY 

Part I— The British Isles. Part II— Europe 

By J. F. Unstead^ M.A.^ D.Sc., sometime Professor of 
Geography in the University of London. 

The aim of this series, which will be complete in four parts, 
is to provide a post-Matriculation course in Regional Geo- 
graphy, suitable for University and Training College stu- 
dents, which will not only give facts but will also provide 
a training in dealing with them, e.g. by explaining their 
significance and showing how they may be correlated. Its 
characteristic method is to examine natural geographical 
regions as units of study, which are combined into large 
areas, until the major regions of the world are reached. 
Certain typical regions are selected for detailed treatment 
and the larger regions studied in less detail. 

AN ECONOMIC GEOGRAPHY OF THE 
BRITISH EMPIRE 

By R. Ogilvie Buchanan, M.A., B.Sc,(Econ.), Ph.D., 
F.R.G.S., F.R.E.S., Lecturer in Geography at Univer- 
sity College, University of London. j 

This work should meet the needs of studerits preparing for 
such examinations as that for the Diploma ^of the Institute 
of Bankers, pupils in upper forms of Secondary Schools, and 
students in Training Colleges. ' I:..-'-''’ 

MAN’S ADAPTATION OF NATURE 

Studies in the Cultural Landscape. By P. W. Bryan, 
Ph.D. (Lond.), B.Sc. (Econ.), Vice-Principal, Univer- 
sity College, Leicester. 

The main topic developed in this book is that human activity 
which takes place in order to satisfy human desires, adapts 
and modifies Nature, thus changing the natural landscape. 
The concrete or objective expression of this process of 
adaptation is the cultural landscape, that is, the natui'al, 
landscape as modified by man. Because of its very nature, 
therefore, the cultural landscape is the objective expression 
of the relationship between human activities and natural 
environment. The volume contains a large number of 
specially prepared illustrations and maps. 



THE GREAT AGE OF DISCOVERY 

Edited by A. P. Newton, M.A., D.Lit. 

The vital factor in the change from the mediseval to the 
modern age was the opening of the ocean for voyages to new 
lands beyond. In this volume the work of the explorers, 
from Columbus to Magellan, is traced in connection with the 
change in men's outlook upon the world and the way in 
which the new knowledge was made accessible. The book 
is profusely illustrated with reproductions of contemporary 
charts and authentic pictures of the time. 


GEOGRAPHY AND WORLD POWER 

By James Fairgrieve, M.A., Recognised Teacher of the 
London University in the Theory and Practice of 
Education, etc. Eighth Impression. 

This volume-is an endeavour to tell a coherent story and show 
that there is really some order in the apparently disorderly . 
happenings on this planet. The Times critic says: “ It is 
a valuable review treating in a broad philosophic way the 
influence of physical facts upon history and, in the words 
of the Glasgow Herald reviewer, ‘‘ One could not desire a 
more fascinating introduction to the study of world history 
than this masterly analysis.’’ 


GEOGRAPHY IN SCHOOL 

By James Fairgrieve, M.A., Author of Geography and 
World Power. 

The philosophic basis for the teaching of Geography and 
methods of dealing with it, in the average elementary and 
secondary school The book is the outcome of many years 
of teaching practice and covers the problems of reality in 
the subject, its grammar and the possibilities of the film in 
the modern classroom. A bibliography of material valuable 
to the student and teacher is included. 



